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1. "Compact Formulas for the Completed
Mock Modular Forms", JHEP 11 (2014)
156.
2. "Lattice Gauge Theory and the Large
N Reduction", Int. J. Mod. Phys. A29
(2014) 1, 1430036,? to appear in a Memo-
rial volume of K. Wilson.
3. "Enriques Moonshine?, T. Eguchi and
K. Hikami, J. Phys. A46 (2013) 312001.
4. "N=2 moonshine", T. Eguchi and K. Hikami,
Phys.Lett.B717 (2012) 266-273.
5. "Twisted Elliptic Genus and Borcherds
Product", T. Eguchi and K. Hikami, Lett.
Math. Phys. 102 (2012) 203-222.
6. "Non-Holomorphic Modular Forms and
SL(2,R)/U(1) Superconformal Field The-
ory", T. Eguchi and Y. Sugawara, JHEP
1103 (2011) 107
7. "Note on Twisted Elliptic Genus of K3
Surface", T.Eguchi and K. Hikami, Phys.
Lett. B694 (2011) 446
8. "Seiberg-Witten Theory and, Matrix Model
and AGT Relation", T.Eguchi and K.
Maruyoshi, JHEP 1007 (2010) 081.
9. "Notes on the K3 Surface and the Math-
ieu Group M24", T. Eguchi, H. Ooguri
and Y. Tachikawa, Exper.Math 20 (2011)
91.
III. ???? (20112015??)
1. Mathieu moonshine in string theory, Sym-




3. "Introduction to Mathieu Monnshine",
New moonshine, Mock modular forms
and String theory, University of Durham,
England, 2015/8/3-/8/10
4. "Mathieu moonshine and Superconfor-
mal algebra?, Arithmetic and Algebraic
Geometry 2014, 1? 2014?, ????
5. ??????Mathieu moonshine and Su-
perconformal algebra?,?Simons Center
for Geometry and Physics,?New York,
September 2013
6. "Superconformal algebra and Mathieu group",
Conference on "Algebraic geometry, mod-
ular forms and applications to physics?,
Edinburgh, November (2012)
7. "Superconformal algebra and moonshine
phenomenon", Conference on "Geome-
try and Physics", Munich, November (2012)
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8. "Superconformal algebra and moonshine
phenomenon", Conference on "Strings,
branes and Supergravity", Istanbul, Aug.
(2011)
9. "K3 surface and Mathieu group M24",
Conference on "Mathieu monnshine", ETH,
Switzerland, July (2011).
10. "K3 surface and Mathieu group M24",
Conference on "Three generations of string
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1. Akishi Kato and Yuji Terashima : \Quan-
tum dilogarithms and partition q-series"
Communications in Mathematical Physics
338, 457-481 (2015) DOI: 10.1007/s00220-
015-2323-y arXiv:1408.0444
2. Akishi Kato and Yuji Terashima : \Quiver
mutation loops and partition q-series"
Communications in Mathematical Physics
336, 811-830 (2015) DOI: 10.1007/s00220-
014-2224-5 arXiv:1403.6569
3. ???? : \??????" ???? ?




1. A. Kato, \Quiver mutation loops and
partition q-series" Tropical geometry and
related topics????????????
? 2016? 3?.
2. A. Kato, \Quiver mutation loops and
partition q-series" International Confer-
ence on Geometry and Quantization GEO-
QUANT 2015 ICMAT, Campus de Can-
toblanco, Madrid September 18, 2015.
3. A. Kato, \Quiver mutation loops and
partition q-series" Low dimensional topol-
ogy and number theory VII, Innovation
Plaza, Momochihama, Fukuoka, 2015?
3?.






5. A. Kato, \Quiver mutation loops and
partition q-series" Representation The-
ory, Geometry and Combinatorics Sem-
inar, University of California, Berkeley,
USA, 2015? 3?
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6. ????\Quiver mutation loops and par-
tition q-series" Aspects of Integrability


















1. Y. Akita and T. Kobayashi, \Primordial
non-Gaussianities of gravitational waves
beyond Horndeski,"
arXiv:1512.01380 [hep-th].
2. K. Takahashi, T. Suyama and T. Kobayashi,
\Universal instability of hairy black holes
in Lovelock-Galileon theories in D di-
mensions," arXiv:1511.06083 [gr-qc].
3. H. Ogawa, T. Kobayashi and T. Suyama,
\Instability of hairy black holes in shift-
symmetric Horndeski theories,"
arXiv:1510.07400 [gr-qc].
4. T. Kobayashi, M. Siino, M. Yamaguchi
and D. Yoshida, \Perturbations of Cos-
mological and Black Hole Solutions in
Massive gravity and Bi-gravity,"
arXiv:1509.02096 [gr-qc].
5. K. Yajima and T. Kobayashi, \Suppress-
ing the primordial tensor amplitude with-
out changing the scalar sector in quadratic
curvature gravity," Phys. Rev. D 92, no.
10, 103503 (2015) [arXiv:1508.07412 [hep-
th]].
6. Y. Akita and T. Kobayashi, \Removing
Ostrogradski's ghost from cosmological




7. S. Ohashi, N. Tanahashi, T. Kobayashi
and M. Yamaguchi, \The most general
second-order eld equations of bi-scalar-
tensor theory in four dimensions," JHEP
1507, 008 (2015) [arXiv:1505.06029 [gr-
qc]].
8. T. Kobayashi, M. Yamaguchi and J. Yokoyama,
\Galilean Creation of the Inationary Uni-
verse," JCAP 1507, no. 07, 017 (2015)
[arXiv:1504.05710 [hep-th]].
9. S. Nishi and T. Kobayashi, \Generalized
Galilean Genesis," JCAP 1503, no. 03,
057 (2015) [arXiv:1501.02553 [hep-th]].
10. T. Kobayashi, Y. Watanabe and D. Ya-
mauchi, \Breaking of Vainshtein screen-
ing in scalar-tensor theories beyond Horn-
deski," Phys. Rev. D 91, no. 6, 064013
(2015) [arXiv:1411.4130 [gr-qc]].
III. ????
1. \Galilean Creation of the Inationary Uni-
verse,"
Second LeCosPA International Sympo-
sium Everything About Gravity (Taipei,
Taiwan, 12? 15?, 2015)
2. \Galilean Creation of the Inationary Uni-
verse,"
MG14 (Rome, Italy, 7? 14?, 2015)




4. \Breaking of Vainshtein screening in scalar-




5. \Generalized Galilean Genesis,"
CosPA 2014 (Auckland, New Zealand,
12? 9?, 2014)




7. \Vainshtein mechanism in the Horndeski
theory and beyond,"
Relativistic Cosmology (???????
?????, 9? 9?, 2014)
8. \Horndeski's theory: a unied descrip-
tion of modied gravity,"




???? 2014 (?????????, 6?
3?, 2014)
10. \The most general second-order scalar-
tensor theory,"
? 2?????????????? (??















? (????), ????? (????), ?
???? (???)??????).
II. ????
1. Y. Komori, Y. Masuda and M. Noumi,
Duality transformation formulas for mul-
tiple elliptic hypergeometric series of type
BC, constr. approx., to appear.
2. H. Furusho, Y. Komori, K. Matsumoto
and H. Tsumura, Desingularization of
multiple zeta-functions of generalized Hurwitz-
Lerch type, RIMS Kokyuroku Bessatsu,
to appear.
3. Y. Komori, K. Matsumoto and H. Tsumura,
Zeta-functions of weight lattices of com-
pact semisimple connected Lie groups,
Siauliai Math. Semin., 10 (18) (2015),
149{179.
4. H. Ki, Y. Komori and M. Suzuki, On the
zeros of Weng zeta functions for Cheval-
ley groups, Manuscripta Math., 104 (2015),
119{176.
5. Y. Komori, K. Matsumoto and H. Tsumura,
Innite series involving hyperbolic func-
tions, Lith. Math. J, 55 (2015), 102{118.
6. Y. Komori, K. Matsumoto and H. Tsumura,
Lattice sums of hyperplane arrangements,
Comment. Math. Univ. St. Pauli, 63 (2014),
161{213.
7. Y. Hironaka and Y. Komori, Spherical
functions on the space of p-adic unitary
hermitian matrices II, the case of odd
size, Comment. Math. Univ. St. Pauli,
63 (2014), 47{78.
8. Y. Komori, K. Matsumoto and H. Tsumura,
A study on multiple zeta values from the
viewpoint of zeta-functions of root sys-
tems, Funct. Approx. Comment. Math.,
51 (2014), 43{46.
9. Y. Komori, K. Matsumoto and H. Tsumura,
Hyperbolic-sine analogues of Eisenstein
series, generalized Hurwitz numbers, and
q-zeta functions, ForumMath., 26 (2014),
1071{1115.
10. Y. Hironaka and Y. Komori, Spherical
functions on the space of p-adic unitary
hermitian matrices, Int. J. Number The-
ory, 10 (2014), 513{558.
III. ????
1. ?? ?, ??????????????
(??????????, 2015? 10? 17
?, ?????).
2. Y. Komori, Lattice sums of hyperplane
arrangements and their applications, (French-
Japanese Workshop on multiple zeta func-
tions and applications, 2015? 9? 7?,
St-Etienne, France).
3. ?? ??, ?? ?, ?? ??, BC ??
??????????????????,
(?????, 2015? 3? 23?, ???
?). (???????)
4. ?? ?, ??????????, (???




2014? 2? 27?, ?????).
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6. ?? ?, ??????????????
????, (????, 2013? 11? 18?
?22?, ??????).
7. ?? ?, ??????????????
??????, (??????, 2013? 11
? 20?, ??????).
8. Y. Komori, Desingularization of complex
multiple zeta-functions and fundamen-
tals of p-adic multiple L-functions I, (2013
?????????, 2013? 7? 24?,
????).
9. ?? ?, ??????????????
??????, (???????????
????? 13?????, 2012? 12?
5?, ????).
10. Y. Komori, Zeta-functions of weight lat-
tices of compact connected semisimple
Lie groups, (2012 Conference on L-functions,






























1. Yoshiihsa Saito, \Quantized coordinate
rings, PBW-type bases and q-boson al-
gebras, to appear in J. Alg. (2015).
2. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, III: Proof of the
connectedness", Symmetries, Integrable
Systems and Representations, Springer
Proceedinds in Mathematics and Statis-
tics 40 (2013), 361-402.
3. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, I: Construction of
ane analogs", Contemp. Math. 565
(2012), 143-184.
4. Satoshi Naito, Daisuke Sagaki and Yoshi-
hisa Saito, \Toword Berenstein-Zelevinsky
data in ane type A, II: Expicit descrip-
tion", Contemp. Math. 565 (2012), 185-
216.
5. Yoshihisa Saito ; \Mirkovic-Vilonen poly-
topes and a quiver construction of crys-
tal basis in type A", Int. Math. Res.
Not. 2012 (17), 3877-3928.
6. Hiroki Kondo and Yoshihisa Saito ; \In-
decomposable decomposition of tensor prod-
ucts of modules over the restricted quan-
tum universal enveloping algebra associ-
ated to sl2", J. Alg. 330 (2011), 103-129.
III. ????
1. On Eliiptic Artin groups, Shanghai Con-
ference on Representation Theory, Shang-
hai (China), December, 2015.
2. Geomtric construction of crystal bases
and its applications, Tongji University,
Shanghai (China), October and Novem-
ber, 2015.
3. Crystal bases, preprojective algebras and
MV polytopes??????2015????
4. Quantum coordinate rings, PBW basis
and q-boson algebras, Shanghai Work-
shop on Representation Theory, Shang-
hai (China), December, 2014.
5. PBW basis, quantum coordinate rings
and q-boson algebras, ICM2014 Satel-
lite Conference on Representation the-












9. Realization of crystal bases, The 2-nd
mini-symposium in Representation The-
ory, Jeju (Korea), December, 2012.
10. On Berenstein-Zelevinsky data in ane
type A, Symmetries, Integrable systems


















































? (Landau???), E. Mukhin ? (Indiana?
?), ?????????????????)
II. ???? (20112015??)
1. B. Feigin, M. Jimbo, T. Miwa and E.
Mukhin, Quantum toroidal gl1 and Bethe
ansatz, J.Phys.A: Math. Theor. 48 (2015)
244001.
2. M. Jimbo, T. Miwa and F. Smirnov,
Creation operators for the
Fateev-Zamolodchikov spin chain, The-
oret. Math. Phys. 181 (2014), 1169{
1193
3. B. Feigin, M. Jimbo, T. Miwa and E.
Mukhin, Branching rules for quantum
toroidal gln, arXiv:1309.2147v1, to ap-
pear in Adv. Math.
4. M. Jimbo, T. Miwa and F. Smirnov,
Fermions acting on quasi-local operators
in the XXZ model, Symmetries, Inet-
grable Systems and Representations, Eds.
K.Iohara, S.Morier-Genoud and B. Remy,
Springer Proceedings in Mathematics and
Statistics, 2013
5. B. Feigin, M. Jimbo, T. Miwa and E.
Mukhin, Representations of quantum toroidal
gln, J. Algebra 380 (2013) 78{108
6. B. Feigin, M. Jimbo, T. Miwa and E.
Mukhin, Quantum toroidal gl1 algebra
: plane partitions, Kyoto J. Math. 52
(2012) 621{659.
7. M. Jimbo, T. Miwa and F. Smirnov, Fermionic
screening operators in the sine-Gordon
model, Physica D 241 (2012) 2122-2130
8. D. Hernandez and M. Jimbo, Asymp-
totic representations and Drinfeld raional
fractions, Compositio Math. 148 (2012)
1593{1623
9. M. Jimbo, T. Miwa and F. Smirnov, Fermionic
structure in the sine-Gordon model:form






2. Quantum toroidal algebras and Bethe ansatz,
????, workshop \Baxter 2015: Ex-
actly solved models and beyond", Aus-
tralian National Univ., 2015? 7? 20?
3. Quantum toroidal gl1 and Bethe ansatz,
Mathematical Physics Seminar, SEN Saclay,
2015? 6? 8?
4. Quantum toroidal gl1 and Bethe ansatz,
Mathematical Physics Seminar, Cergy-
Pontoise University, 2015? 6? 1?
5. Fermionic basis of local elds in inte-
grable models, \Moshe Flato Lecture Se-
ries", Ben-Gurion Univ., 2015? 3? 12
?
6. Fermionic basis in integrable models:prole
and prospect, ????, Mathematical
Statistical Physics,???, 2013? 7?
29?{8? 3?
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7. Representations of quantum toroidal al-
gebras:an elementary approach, ???
?,????????????????RAQ
2013), 2013? 6? 3?,4?, ??
8. Representations of quantum toroidal al-
gebras,????, workshop \Recent Ad-
vances in Quantum Integrable Systems",
Angers, France, 2012? 9? 11?
9. Fermionic basis of local operators in quan-
tum integrable models, ????, Inter-
national Congress of Mathematical Physics,
Aalborg, Denmark, 2012? 8? 6?
10. Fermions acting on local operators in the
XXZ model: a review, workshop \Sym-
metries, Integrable Systems and Repre-
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1. K. Ohmori, H. Shimizu, Y. Tachikawa
and K. Yonekura, \6d N = (1; 0) the-
ories on S1=T 2 and class S theories: part
II," JHEP 1512 (2015) 131 [arXiv:1508.00915
[hep-th]].
2. Y. Tachikawa, \A review of the TN the-
ory and its cousins," PTEP 2015 (2015)
11, 11B102 [arXiv:1504.01481 [hep-th]].
3. Y. Tachikawa and N. Watanabe, \On
skein relations in class S theories," JHEP
1506 (2015) 186 [arXiv:1504.00121 [hep-
th]].
4. K. Ohmori, H. Shimizu, Y. Tachikawa
and K. Yonekura, \6d N = (1; 0) theo-
ries on T 2 and class S theories: Part I,"
JHEP 1507 (2015) 014 [arXiv:1503.06217
[hep-th]].
III. ???????
1. \On fractional M5 branes and partially
frozen ALE singularities," KIAS-YITP
joint workshop 2015, KIAS, Seoul, Ko-
rea, 2015.
2. \Recent advances in SUSY", Strings 2014
Conference, Princeton & IAS, USA, 2014.
3. \On 2d TQFTs whose values are hyperkahler
cones," String-Math 2011 Conference, Uni-
versity of Pennsylvania, Philadelphia, USA,
2011
4. \4d gauge theories and 2d CFTs," Lec-
ture at 5th AsianWinter School on Strings,
Particles and Cosmology, Jeju Island, Ko-
rea, 2011
IV. ???

















1. Takeo Nishinou, Degeneration and curves
on K3 surfaces. arXiv:1510.03350.
2. Takeo Nishinou, Describing tropical curves
via algebraic geometry. arXiv:1503.06435.
3. Takeo Nishinou and Tony Yue YU, Real-
ization of tropical curves in abelian sur-
faces. Oberwolfach reports, to appear.
4. Takeo Nishinou, Toric Degenerations, Trop-
ical Curve, and Gromov-Witten Invari-
ants of Fano Manifolds. Canadian J.
Math. 2014; 67(3):1-32.
5. Takeo Nishinou, On Caporaso?s conjec-
ture on Brill-Noether loci for trivalent
graphs. ?????????? 1918.
6. Takeo Nishinou, Disk counting on toric
varieties via tropical curves. Amer. J.
Math. 134 (2012), no. 6, 1423-1472.
7. Nishinou Takeo, Nohara Yuichi, Ueda
Kazushi, Potential functions via toric de-
generations. Proc. Japan Acad. Ser. A
Math. Sci. 88 (2012), no. 2, 31-33.
III. ????
1. Degeneration and curves on K3 surfaces,
Topics on tropical geometry, integrable
systems and positivity,????, 2015.12.23.
2. Degeneration and curves on K3 surfaces,
Mirror Symmetry and Algebraic Geom-
etry 2015, ????, 2015.12.8.
3. Degeneration and curves on K3 surfaces,
????????????, 2015.10.20.
4. Realization of tropical curves in complex
tori, ???????????, 2015.7.17.
5. Realization of tropical curves in abelian
surfaces, Tropical Aspects in Geometry,
Topology and Physics, Oberwolfach 2015.4.29.
6. Degeneration and curves on K3 surfaces,
???????????, 2015.1.16.
7. Degeneration and curves on K3 surfaces,
Conference on Tropical Geometry, Saas
Fee (Switzerland), 2014.11.25.
8. On Brill-Noether loci of graphs, ???
???????, 2014.7.18
9. On Brill-Noether loci of graphs, Mathe-









1. Takafumi Kokubu, Hideki Maeda and To-
mohiro Harada, \Does the Gauss-Bonnet
term stabilize wormholes?," Class. Quant.
Grav. 32 (2015) 23, 235021 [arXiv:1506.08550
[gr-qc]].
2. Takafumi Kokubu and Tomohiro Harada,
\Negative tension branes as stable thin
shell wormholes," Class. Quant. Grav.
32 (9/2015) 20, 205001 [arXiv:1411.5454
[gr-qc]] (20pp).
3. Mandar Patil, Pankaj S. Joshi, Ken-Ichi
Nakao, Masashi Kimura and Tomohiro
Harada, \Timescale for trans-Planckian
collisions in Kerr spacetime", EPL 110
(5/2015) 30004 (9pp).
4. Tomohiro Harada, Chul-Moon Yoo, To-
mohiro Nakama and Yasutaka Koga, \Cos-
mological long-wavelength solutions and
primordial black hole formation," Phys.
Rev. D 91 (4/2015) 8, 084057 (25pp).
5. B. J. Carr and Tomohiro Harada, \The
separate universe problem: 40 years on",
Phys. Rev. D 91 (4/2015) 8, 084048 (16pp).
6. Ken-ichi Nakao, Masashi Kimura, To-
mohiro Harada, Mandar Patil and Pankaj
S. Joshi, \How small can an over-spinning
body be in general relativity?," Phys.
Rev. D 90 (12/2014) 12, 124079.
7. Tomohiro Harada and Masashi Kimura,
\Black holes as particle accelerators: a
brief review," Class. Quant. Grav. 31
(11/2014) 243001.
8. Tomohiro Nakama, Tomohiro Harada, A. G.
Polnarev and Jun'ichi Yokoyama, \Iden-
tifying the most crucial parameters of
the initial curvature prole for primor-
dial black hole formation," JCAP01(2014)037
(25pp) (1/2014).
9. Naoki Tsukamoto, Masashi Kimura and
Tomohiro Harada, \High Energy Colli-
sion of Particles in the Vicinity of Ex-
tremal Black Holes in Higher Dimensions:
Banados-Silk-West Process as Linear In-
stability of Extremal Black Holes," Phys.
Rev. D 89 (1/2014) 024020 (18pp).
10. Naoki Tsukamoto and Tomohiro Harada,
\A No-Go Theorem for Rotating Stars
of a Perfect Fluid without Radial Motion
in Projectable Horava-Lifshitz Gravity",






2. ??????Can an over-spinning Kerr
geometry be the source of ultra-high en-




3. Tomohiro Harada, \Primordial black hole
formation from cosmological uctuations",
27 November 2015, Department of Physics,
Waseda University, Tokyo, Japan
4. Tomohiro Harada, \Primordial black hole
formation from cosmological uctuations",
20 October 2015, Department of Physics,
Nagoya University, Nagoya, Japan
5. Tomohiro Harada, \Primordial black hole
formation from cosmological uctuations",
18
16 October 2015, Department of Physics,
Hokkaido University, Sapporo, Japan
6. ??????????????Sanjay Jhin-










8. Tomohiro Harada, \Primordial black hole
formation from cosmological uctuations",
the international conference \Hot Top-
ics in General Relativity and Gravita-
tion", 9-15 Aug 2015, Quy Nhon, Viet-
nam. (invited talk)
9. Tomohiro Harada, \High energy particle
collision and collisional Penrose process
near a Kerr black hole", the workshop
\One Hundred Years of Strong Gravity",
10-12 Jun 2015, Instituto Superior Tecnico




























1. T. Creutzig and Y. Hikida, \Higgs
phenomenon for higher spin elds
on AdS3," JHEP 1510, 164 (2015).
2. Y. Hikida and P. B. Rnne, \Marginal
deformations and the Higgs phe-
nomenon in higher spin AdS3 holog-
raphy," JHEP 1507, 125 (2015).
3. T. Creutzig, Y. Hikida and P. B.
Rnne, \Higher spin AdS3 holog-
raphy with extended supersym-
metry," JHEP 1410, 163 (2014).
4. H. Afshar, T. Creutzig, D. Gru-
miller, Y. Hikida and P. B. Rnne,
\Unitary W-algebras and three-
dimensional higher spin gravities
with spin one symmetry," JHEP
1406, 063 (2014).
5. T. Creutzig, Y. Hikida and P. B.
Rnne, \Extended higher spin holog-
raphy and Grassmannian models,"





7. T. Creutzig, Y. Hikida and P. B.
Rnne, \Higher spin AdS3 super-
gravity and its CFT dual," Int.
J. Mod. Phys. Conf. Ser. 21, 163
(2013).
8. Y. Hikida, \Conical defects and
N = 2 higher spin holography,"
JHEP 1308, 127 (2013).
9. T. Creutzig, Y. Hikida and P. B.
Rnne, \Three point functions in
higher spin AdS3 supergravity,"
JHEP 1301, 171 (2013).
10. T. Creutzig, Y. Hikida and P. B.
Rnne, \N = 1 supersymmetric
higher spin holography on AdS3,"






2. \Higher spin AdS3 holography and
superstring theory,"??????,
?????, 2015? 11?.
3. \Higher spin AdS3 holography and
superstring theory,"??????,
????, 2015? 10?.
4. \Higher spin AdS3 holography and
superstring theory,"??????,
????, 2015? 10?.
5. \Higgs phenomenon and N = 3
higher spin holography," Interna-
tional Workshop on Strings, Black
Holes and Quantum Information,
Miyagi, Japan, September, 2015.
20
6. \N = 3 higher spin holography
and Higgs phenomenon," ???
???, ????, 2015? 6?.
7. \N = 3 higher spin holography
and Higgs phenomenon," ???
???, ??????, 2015 ? 6
?.
8. \N = 3 higher spin holography
and Higgs phenomenon," ???
?????????,????, 2015
? 5?.
9. \N = 3 higher spin holography
and Higgs phenomenon," ???
???, KEK, 2015? 5?.
10. \Marginal deformations and the












立教大学 数理物理学研究センター              第 1 回セミナー 
 
 




日時： 2015年 4月 25日(土) 10:00‐17:30 ←今回は土曜日に行います。 
場所： 立教大学池袋キャンパス 4353教室（4号館別棟） 





講師 1： 川上 拓志 氏 [青山学院大学] 10:00‐12:00 
題目 1： 分岐型線型方程式に付随する 4次元 Painlevé 型方程式 
概要 1： 東京大学の坂井氏，中村氏との共同研究において，アクセサリーパラメータを 4
つ持つ線型方程式の特異点を合流させることにより 4次元Painlevé型 方程式の退化図式を





講師 2： 中村 あかね 氏 [東京大学] 13:30‐17:30 





















場所：立教大学理学部 4号館 4階 4407号室 













― 概要 ― 
クレイ研究所のミレニアム問題の (i) ナヴィエ・ストークス方程式の解の存在, (ii) 4 次元




まずそれを単純化した「階層近似模型」といわれる Toy Model を解説し, 現在講演者が研
究している YM場の簡略版である, といっても未解決であるが, 2次元シグマ模型の質量生
成の証明について議論する. 時間があれば YM についても触れる予定である. 
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場所：立教大学理学部 4号館 4階 4407号室 





― 概要 ― 
Dyson's Brownian motion (BM) model with β=2 (the GUE type) was originally 
introduced as an eigenvalue process of Hermitian-matrix-valued BM in random matrix 
theory. In probability theory, it is constructed as Doob's harmonic transform of 
absorbing BM in a Weyl chamber and realized as a system of noncolliding BMs in 
one-dimension. In mathematical physics, it provides a typical example of solvable 
stochastic model in the sense that all spatio-temporal correlation functions can be 
expressed by determinants and all of them are controlled by a single function called the 
correlation kernel. The purpose of the present talk is to clarify the direct connection 
between the harmonic transform and the determinantal solvability by introducing a 
notion of determinantal martingales. As an application, we discuss the trigonometric- 
and elliptic-functional extensions and some discretization of Dyson's BM model with β=2. 
In general, martingales are stochastic processes representing fluctuations. The present 
work will imply a new point of view in statistical mechanics to study relationship 
between fluctuations and correlations in nonequilibrium interacting particle systems. 
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場所：立教大学理学部 4号館 4階 4407号室 
日時：2015年 6月 5日（金）16時 40分‐18時 10分 





― 概要 ― 
離散型の直交多項式系の代表例である, Meixner, Charlier,Krawtchouk 多項式に関しては
q-類似, 有限体類似, Hahn, Racah 多項式(一般超幾何多項式)への拡張, 多変数類似等の
様々な拡張が知られている. 本講演では古典的な Meixner 多項式他の復習からはじめ, 特





た Meixner 多項式他の多変数類似を構成し, Faraut-Koranyi らにより導入された多変数
Laguerre多項式との, 母函数を用いた対応を与える. この結果と多変数 Laguerre多項式に
関する既知の結果とを併せることで, 多変数 Meixner 多項式他の母函数, 直交性, 差分方
程式といった基本的性質を導出する. また時間があれば, 行列式表示や, 多変数 Meixner
多項式他に関連するいくつかの予想や展開についても述べたい. 
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場所：立教大学理学部 4号館 4階 4407号室 































場所：立教大学理学部 4号館 4階 4408号室 




― 概要 ― 









 ところで、Macdonald 多項式は Jack 多項式と Hall-Littlewood 多項式という直交多項式




 本講演では AGT予想の外観から始めて、その q変形と一般化 Macdonald多項式について説
明し、さらにその結晶化についても紹介する。 
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場所：立教大学理学部 4号館 4階 4408号室 












― 概要 ― 
AdS/CFTが提唱されてからすでに 18年になろうとしているが、依然としてその強/弱双対性
を特徴としたダイナミカルなメカニズムは明らかにされていない。この講演では、AdS/CFT
の例の中でも最も基本的である、 AdS5 x S















場所：立教大学理学部 4 号館 4 階 4407 号室 


































場所：立教大学理学部 4号館 4階 4408号室 












― 概要 ― 
Totally nonnegative matrix とは, その全ての小行列式が非負となる正方行列のことであ
る. Totally nonnegative matrix 全体のなす集合上には, 行列の分解を経由してある種の
離散力学系が定義されるが,これは, 古典可積分系として知られている Kostant-Toda階層
の特別な場合となっている. 本講演では, 以下の 2点について解説する. 
1. 特異曲線を用いた（非周期的）Kostant-Toda階層の解の構成. 
2. Kostant-Toda階層の totally nonnegative part の, 特異ピカール群を用いた特徴づけ. 
本講演の内容は, 西山亨氏（青山学院大学）, 小川竜氏（東海大学）との共同研究である. 
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場所：立教大学理学部 4号館 4階 4410号室 



























楕円 Ding-Iohara-Miki 代数と関連する話題 
 
 
齋藤 洋介 氏 
大阪市大 
 
場所：立教大学理学部 4号館 4階 4407号室 

















― 概要 ― 
楕円 Ding-Iohara-Miki 代数は Ruijsenaars 作用素という q-差分作用素の自由場表示を
通じて導入された楕円量子群の一種である. 本講演では, 楕円 Ding-Iohara-Miki 代数が
導入される様子や関連する話題, Ding-Iohara-Miki 代数の modular double の表現に関す
る予想について説明する. 
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Strong CP problem and axion on the lattice 
 
 
北野 龍一郎 氏 
KEK 
 
場所：立教大学理学部 4号館 4階 4407号室 















― 概要 ― 
In QCD, while the phase in the quark masses are physical through the axial anomaly, it 
must be extremely small to be consistent with the measurement of the electric dipole 
moment of the neutron. We review and discuss this mystery, called the strong CP 
problem, and present an approach from the lattice QCD. Especially, we discuss the 
temperature dependence of the topological property of QCD which has physical 
significance in the estimation of the QCD axion in the Universe. 
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千葉 逸人 氏 
九州大学 
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疋田 泰章 氏 
立教大学 
 
場所：立教大学理学部 4号館 4階 4404号室 




























Direct Proof of Mirror Theorem of Projective 
Hypersurfaces 
 
秦泉寺 雅夫 氏 
北海道大学 
 
場所：立教大学理学部 4 号館 2 階 4232 号室 
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Title: 6 dim supersymmetric theories
Abstract:
Recent progress in 6d superconformal eld theories and little string theories are summa-
rized. In this talk, we discuss in detail their physics by calculating the 2-dim elliptic genus
of self-dual strings in these theories. We focus on the enhanced global symmetry of 6d
SCFT and T-duality of LST.
Shintarou Yanagida (RIMS)
Title: K-theoretic stable envelopes of instanton moduli spaces and intertwiners between
Fock representations of quantum toroidal algebra
Abstract:
We give a geometric interpretation of intertwiners between Fock representations of the
quantum toroidal gl1 algebra, which were introduced by Awata, B. Feign and Shiraishi.
The main ingredient is the analysis of K-theoretic stable envelopes of instanton moduli
spaces on the complex plane. As a consequence, we can prove some parts of the con-
jectures on K-theoretic AGT correspondence proposed in the previous collaboration with
Awata, B. Feigin, Hoshino, Kanai and Shiraishi.
Akihiro Ishibashi (Kinki Univ.)
Title: Instabilities of asymptotically AdS black holes
Abstract:
Asymptotically AdS black hole with rotation plays an interesting role in the AdS-CFT
context. We show that any asymptotically AdS black hole with an ergoregion with respect
to the horizon Killing vector eld must be linearly unstable. For this purpose we adapt the
canonical energy method of Hollands-Wald, which was originally formulated for asymp-
totically at case and applied only for the axisymmetric perturbations. However, our
analysis for asymptotically AdS black holes requires no restrictions on the gravitational
perturbations, apart from the appropriate behavior at AdS innity. This immediately
implies, for example, that Kerr-AdS black holes with rotation speeds above the Hawking-
Reall bound are gravitationally unstable. We also briey discuss possible nal states of
such unstable AdS black holes.
1
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Kanehisa Takasaki (Kinki Univ.)
Title: Topological vertex and quantum mirror curves?
Abstract:
Topological vertex is a diagrammatic method for constructingthe partition functions of
topological string theory on non-compact toric Calabi-Yau threefolds. We present a few
cases, including the so called \closed topological vertex", where open string amplitudes
can be computed explicitly by this method. These expressions of open string amplitudes
can be used to derive \quantum mirror curves". This is a joint work with Toshio Nakatsu.
January 10 (Sunday)
Fuminobu Takahashi (Tohoku Univ.)
Title: Axion cosmology and the Witten eect
Abstract:
After giving a review on the current status of the axion cosmology, I will discuss how
the Witten eect aects the QCD axion dynamics. In the presence of monopoles, the
theta-term of an Abelian gauge theory becomes physical, and the monopoles are known
to become dyons. This is the Witten eect. I will show that the Witten eect can sup-
press the axion abundance as well as isocurvature perturbations.
Junji Suzuki (Shizuoka Univ.)
Title: A form factor expansion approach to correlations of the spin 1/2 XXZ chain
Abstract:
We study static and dynamical correlation functions of the spin 1/2 XXZ chain in the
massive regime, based on a form factor expansion of the correlations. The resultant ex-
pression is valid at any nite temperatures and with an arbitrary magnetic eld for the
static case. We argue that there exist three dierent expressions in the zero temperature
and zero magnetic eld limit and demonstrate the consistency among them. This talk is
based on the collaboration with M. Dugave, F. Goehmann and K. Kozlowski.
Yasuyuki Hatsuda (Univ. Geneva)
Title: Exact quantization conditions for relativistic integrable systems
Abstract:
In this talk, I will report recent progress on a relation between spectral theory and topo-
logical string theory. Using mirror symmetry, the topological string is described by an
algebraic curve, called a mirror curve. The quantization of such a curve is naturally
related to a quantum mechanical operator. I will show that the eigenvalue problem of
this operator is exactly solved by a quantization condition, whose building blocks are the
rened topological string amplitudes in the so-called Nekrasov-Shatashvili limit. Based
on this result, we nally found exact quantization conditions for a wide class of relativistic




Takashi Imamura (Chiba Univ.)
Title: Determinantal structures in a random polymer model
Abstract:
A directed polymer in random media is a most typical object belonging to the Kardar-
Parisi-Zhang (KPZ) universality class. In 1+1 dimensional case, we have known some
exactly solvable models with nice mathematical structures. In the zero-temperature case,
some determinanal structures of the models have been claried based on the properties
of RSK correspondence and Schur function. In the nite temperature case, on the other
hand, we have recently been obtaining exact solutions of the polymer free energy distribu-
tions using the Macdonald polynomial, dualities etc. However, we have not yet understand
very much the determinantal structures behind the models with nite temperature.
In this talk, I will report our recent result on the O'Connell-Yor model, which is a
typical exactly solvable model of the random polymer (arXiv:1506.05548). We reveal
some determinantal structures of the model and obtain a representation for the moment
generating function of the polymer partition in terms of a determinantal measure, which
is valid for arbitrary positive temperature. In the zero-temperature limit this measure
goes to the probability measure of the eigenvalues for the Gaussian Unitary Ensemble
(GUE) in random matrix theory. This is the joint work with Tomohiro Sasamoto.
January 11 (Monday)
Yu Nakayama (Kavli IPMU / Caltech)
Title: Search for dead-end CFTs
Abstract:
Can we nd CFTs without any relevant deformation? This question is important
(A) in applications to collective phenomena called \self-organized criticality"
(B) in search for candidate CFT duals of the moduli stabilized universe (which we have
never found so far)
(C) an obstruction to regularize the CFT S-matrix.
In this talk I will discuss perturbative as well as non-perturbative searches for such CFTs.
We also report the up-to-date conformal bootstrap results to derive necessary conditions
for the emergent symmetry enhancement that are relevant for the symmetry protected
dead-end CFTs that are alleged to be realized in nature.
Makoto Katori (Chuo Univ.)
Titile:Determinantal interacting particle systems
Abstract:
Eigenvalue distributions of random matrices provide typical examples of determinantal
(fermion) point processes on a line (e.g., the Gaussian unitary ensemble) or on a plane
(e.g., the Ginibre ensemble). Corresponding to that Dyson introduced models of interact-
ing Brownian motions as dynamical extensions of random matrix ensembles, the notion
of determinantal point processes has been dynamically extended; for a set of observables,
3
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if all spatio-temporal correlation functions are given by determinants specied by a single
integral kernel (the correlation kernel), then the process is said to be determinantal [1].
Recently a sucient condition for determinantal processes was proved by using probabil-
ity theory concerning harmonic transforms, martingales, and conformal invariance of the
complex Brownian motion [2].
In the present talk, I show a variety of examples satisfying the condition, that is, the
interacting particle systems having the determinantal martingale representations (DMR).
There some systems related with the Chern-Simons theory and with the Kardar-Parisi-
Zhang (KPZ) equation are discussed. The solvability of determinantal interacting particle
systems is characterized by the entire function which denes the conformal transform of
a complex Brownian motion and determines the DMR.
[1] M. Katori : Bessel Processes, Schramm-Loewner Evolution, and the Dyson Model,
Springer Briefs in Mathematical Physics, Vol.11, Springer (2016).
[2] M. Katori : Determinantal martingales and noncolliding diusion processes,
Stochastic Process. Appl. 124 (2014) 3724-3768.
Sinya Aoki (YITP)
Title: Recent developments and challenges in lattice QCD
Abstract:
After a brief introduction of lattice QCD, I will review the recent developments in lattice
QCD, by showing the latest results of numerical simulations. Results include the hadron
spectroscopy with the isospin breaking eects,electroweak matrix elements and the QCD
equation of states at nite temperature. As a challenge in lattice QCD, I will also report
on hadron interactions in QCD such as the nuclear force, from the formulation to some
latest results using Japanese agship K computer.
4
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6 dim supersymmetric theories
Stefano Bolognesi, Hirotaka Hayasi, Hee-Cheol Kim, Joonho Kim,  
Seok Kim, Sung-Soo Kim,  Eunkyung Koh,  Sungjay Lee, Jaemo 
Park, Masato Taki, Cumrun Vafa, Futoshi Yagi, Ho-Ung Yee
Kimyeong Lee, KIAS 
RYKKO MathPhys 2016
5,6 dimensions
• QFT in higher dimension is non-renormalizable.
• Ultra-violet incomplete, Non-Lagrangian
• Some supersymmetric theories can be UV completed.
• 5d superconformal field theories (5d SCFTs)
• 6d superconformal field theories (6d SCFTs)
• 6d little string theories (LSD)
• Interesting implications in lower dimensions
Goal
• Understand these theories by calculating various exact 
and non exact quantities.
• Study BPS objects
• Study the elliptic genus of self-dual strings
Outline
• 6d superconformal field theories
• 6d SCFTs
• E-strings elliptic genus
• SU(N)T-[A,N+8] theories
• 6d little string theories
• type IIA and type IIB LSTs
• Conclusion
6d SCFTs 
• N=(2,0) SCFTs: ADE (nonabelian tensor multiplet)
• AN on N M5 branes, DN on N M5+OM5 branes
• type IIB on C2/ΓADE singularity
• N=(1,0) SCFTs: quiver with multiple nonabelian YMs + 
tensor multiplets + hypermultiplets
• M5 branes on C2/ΓADE singularity
• M5 branes near E8 M9 wall
• 6d SCFTs  →  5,4,3,2d QFTs
6d (2,0) SCFTs 
• superconformal symmetry: OSp(2,6|2) ? O(2,8) x Sp(2)R 
 fields: B, ΦI, Ψ 
 selfdual strength   H=dB=*H,  purely quantum ??? 
 superconformal symmetry: OSp(2,6|2) ? O(2,8) x Sp(2)R 
• tensor branch: M2 branes connecting M5 branes = selfdual
• We do not know how to write down the theory for nonabelian 
case. 
• N3 degrees of freedom
Witten’95, Seiberg Witten ‘96
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6d (1,0) SCFTs
• supercharge Q (1,0), ε-spinor (0,1)
• (1,0) vector multiplet: gaugino (0,1)
• (1,0) hypermultiplet: higgsino (1,0)
• tensor multiplet: (1,0)
•
 gauge anomaly due to vector and matter 1-loop






















ctot=0: tensor decouples, and LST
Global Anomaly: SU(2),SU(3),G2
n2 − 4 = 0 mod 2 for SU(2)
n3 − n6 = 0 mod 6 for SU(3)
n7 − 1 = 0 mod 3 for G2
π6(SU(2)) = Z12, π6(SU(3)) = Z6, π6(G2) = Z3
Bershadsky,Vafa’97
Simple gauge group without  no quartic
G hyper D2=-8 D2=-7 D2=-6 D2=-5 D2=-4 D2=-3 D2=-2 D2=-1 D2=0
E7 n56/2 0 1 2 3 4 5 6 7 8
E6 n27 0 1 2 3 4 5 6
F4 n26 0 1 2 3 4 5
SO(8) n8(v,c,s) 0 1 2 3 4
G2 n7 1 4 7 10
SU(3) n3 0 6 12 18
SU(2) n2 4 10 16
F-theory on elliptic CY 3-folds with  a non-compact base
LST
Higgsable along the column




6d SU(n)+ tensor + matter
1. vector + 2n fund  + tensor
• two NS6 on n D6: two M5 on An-1 singularity
2. vector + 8 fund+ 1 asym+ tensor
• O8+8D8 with n D6 connecting 1/2 NS brane 
on O8 and NS5 brane
3. vector + 16 fund+ 2 asym: n D6 connecting two 
1/2 NS5s   on a pair of O8+8D8 branes, LST
4. vector+ 1 asym + 1 sym: n D6 connecting two 






 N M5s on ADE singularities 
Fractionalization of NS5 branes
AN = N D6  with n NS5  : [SU(N)]-SU(N)-SU(N)…-[SU(N)] 
DN+4= [SO(2N+8)]-Sp(N)-SO(2N+8)-Sp(N)….Sp(N)-[SO(2N
+8)]
E6: +.. (N-1) E6 gauge theories +2 E6 global symmetries:
  [E6] -T-SU(3)-T-E6-T -SU(3)-…  … -SU(3)-T- [E6] 
E7: (N-1) E7 gauge theories+ 2E7 global symmetries..,  
[E7]-T-SU(2)-SO(7)-SU(2)-T- E7-T-……… -T-[E7] 
E8: (N-1) E8 gauge theories +2E8 global symmetries
[E8]-T-T-SU(2)-G2-T-F4-T-G2-SU(2)-T-T-E8-T-……-T-T-[E8]
Heckman et.al. ‘15 E8 (1,0) Theory
• M2 branes between 2 M5 branes =  
M-string elliptic genus 
• M2 branes between M5 and M9 
branes = E-string elliptic genus 
• wrap x11 to a circle with E8 Wilson line 
248 →120+128 with SO(16) symmetry 
• D8+O8,NS5,D2, 
• D6(un-compactify S1 in IR)
Joonho Kim, Seok Kim, KL, Jaemo Park, Cumrun Vafa (14)




x0x9 2d SQFT on D2 branes
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UV theory on D2 branes
• The theory on D4 (wrap instead NS5)=Sp(k) theory 
• Symmetries SO(4)1234xSO(3)567   
• boundary condition + boundary degrees of freedom 
• 2d field content:  
• 2d N=(0,4) SUSY         dictates the interaction 
• SO(16)→E8 symmetry enhancement in IR
=SU(2)LxSU(2)RxSU(2)I
α, β, · · · = 1, 2 α˙, β˙, · · · = 1, 2 A,B, · · · = 1, 2,
vector : O(n) antisymmetric (Aμ, λ
α˙A
+ )
hyper : O(n) symmetric (ϕα,β˙ , λ
αA
− )
Fermi : O(n)× SO(16) bifundamental Ψl
Qα˙A
Elliptic Genus
• Take (0,2) subset of (0,4) SUSY, 
• Define partition function for n-strings 
• All string sum: Z = Σn=0 Zn    
• Path integral representation of Zn  : O(n) gauge theory
Gadde and Gukov (13),
Benini,Eager,Hori,Tachikawa I,II(13)







J1, J2, JI are the Cartans ofSU(2)L × SU(2)R × SU(2)I
Fl are the Cartans of SO(16)
Holonomy
• gauge zero mode= O(n) flat connection =O(2p) and O(2p+1) cases 




• hyper, fermi, vector
• Integration: Jeffery-Kirwan Residues
Benini-Eager-Hori-Tachikawa
Calculations..
• single string: Ganor and Hanany, Klemm, Mayr and Vafa
• two E-strings: Haghighat, Lockhart,Vafa
• 3,4 E-strings, any E-strings… 
• 5d N=1 YM theory on D4 with Nf=8: Hwang, Kim2,Park  
• E8 symmetry is manifest for lower number of strings
K. Mohri (02), K. Sakai (14) Cai, Huang, Sun(14)
SU(N) + 2N N Fund
• Selfdual Strings=Instanton Strings
• 1+1 dynamics of ADHM data (0,4) Language
• 1+1 anomaly cancellation 
• Straightforward calculation
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SU(N) + Anti+ (N+8)Fund JKim,SKim,KL 1510
• N D6 branes give    ZN ALF space
• SU(0), SU(1),SU(2): Anti-symmetric multiplet is trivial.
• SU(3): Anti-symmetric multiplet is equivalent to fundamental representation. 
• SU(3)_T + 12 fundamental hypermultiplet 
• SU(3)+12 can be obtained from Higgsing of G2+ 7 fundamental hyper 
Global Symmetry Enhancement for N=3 to SU(12) ?
String dynamics
• SU(0), SU(1),SU(2): Anti-symmetric multiplet is trivial.
• SU(3): Anti-symmetric multiplet is equivalent to fundamental representation. 
• SU(3)_T + 12 fundamental hypermultiplet 
• SU(3)+12 can be obtained from Higgsing of G2+ 7 fundamental hyper 
Global symmetry enhancement 
• For N=1, single D6 gives Z1 singularity which is trivial in IR.
• superior to no D6 as the SO(4)=SU(2)xSU(2) symmetry transverse to 
M5 brane manifests. 
• the flavor symmetry SU(9) should be enhanced to E8   
• For N=2, the global symmetry SO(20) in Sp(1) description is manifest
• the flavor symmetry SU(10) should be enhanced to SO(20) 










Single String for N=2
2d O(k) for 6d Sp(1)
2d U(k) for 6d SU(2)
Expand in q power
q-1/2: zero point energy
Single String for N=3
Expand in q power
UV and IR description of self-dual strings
UV does not need to respect IR symmetry
Little String Theories
• Low energy dynamics of NS5 branes + fundamental strings 
in the limit where gravity decouples: fix ls and take gs=0
• type IIA, compactify one of R5 transverse to 6d (2,0) SCFT
• type IIB, S-dual of D5-D1 system and decouple gravity
• UV completion of 6d N=2 SYM theory (ADE)
• Two theories on R1+4xS1 with momentum p and winding w 
are T-dual to each other with exchange of p and w.
• elliptic genus of instanton strings and M-strings are needed 
to show this. 
type IIB (1,1) LST
• 6d N= (1,1) Super Yang-Mills, Instanton Strings
• Torus: x0-x5,
• U(N)  Wilson line: 
• KK momentum: fractional ones 
• Elliptic genus 
• KK-mode contribution + LST contribution
x0 x1 x2 x3 x4 x5 x6 x7 x8 x9
N NS5 x x x x x x
k F1 x x
Wilson x
P5 −A5 = n− αi + αj
RIIB
Aharony-Berkooz’99,J.Kim,S.Kim,KL’15




• Instanton string: k-instantons in U(N) theory
type IIA (2,0) LST
• Torus: x0-x5, M-circle x10
• Position of M5 branes : 2παiRM   
• tension of M2 branes connecting two M5 Branes i and i+1th ~(αi-αi+1)
• T-duality between type IIB and type IIA
• type IIB winding(instanton string)=type IIA KK (instanton)
• type IIB fractional KK = type IIA fractional winding 
x0 x1 x2 x3 x4 x5 x6 x7 x8 x9 x10
M5 x x x x x x 2παiRM







type IIA (2,0) LST
• IIA elliptic genus
• Split to KK and string contributions: 
• KK mode: 
• String contribution (D2 branes connecting NS5 branes..) SU(2)D x U(1) R-symmetry
Haghighat,Kozcaz,Lockhart,Vafa:hep-th/1310.1185
x0 x1 x2 x3 x4 x5 x6 x7 x8 x10
N NS5 x x x x x x 2παiRM
ni D2 x x 2πRΜ(αi,αi+1)
1 D6 x x x x x x x
T-duality
• type IIA : Extra -bound state at the center of Taub-NUT (Without NS5, there is still 
a bound state of fundamental string at D6.
• The correct result for type IIA
• T-duality  
T-duality : Rank 1
• type IIB  
• Hecke transformation
• the same functional form 











T-duality : Rank 1
t = e2πi+ , u = e2πi− , y = e2πim
Triality : Rank 1
Hollowood,Iqbal,Vafa, 0310272
qˆ = qy−1, wˆ = wy−1, y = e2πim
Triality: exchange of qˆ, wˆ, yˆ
Triality : Rank 1
Hollowood,Iqbal,Vafa, 0310272
qˆ = qy−1, wˆ = wy−1, y = e2πim
Triality: exchange of qˆ, wˆ, yˆ
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T-duality : Rank 2
Weyl 
T-duality




• A lot more to be learned about 6d SCFTs and LST
• Elliptic genus for selfdual strings is a powerful tool.
• Not all the UV description of these strings are known. It 
remains as a challenge.
• More approaches to 6d theories: bootstrap, gravity dual….
• Relation to lower dimensional physics (5,4,3,2,1,0)
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Instabilities of  
asymptotically AdS black holes 
Akihiro Ishibashi 
at Rikkyo U.  on 9 Jan. 2016 
 based on  
w/ S.R. Green, S. Hollands, R.M. Wald 
 1512.02644 



























Dynamics in AdS  
• Waves can (typically) reach AdS-infinity,   
bounce-off and return into the bulk 
within  finite (coordinate) time 
• AdS is like a confined box, whose conformal 
boundary acts just like a mirror.   
• In AdS (under reflection boundary condition),   
No energy dissipation.  
• Physical mechanism responsible for the stability of 
Minkowski spacetime is the dissipation by 
dispersion;  the energy of perturbations radiates 
away to infinity. This is not the case for AdS  
Is AdS stable? 
Positive-Energy Theorem:  
If the matter satisfies certain energy condition 
for all regular, asymptotically AdS initial data 
                 
 
And only for exact AdS spacetime  
AdS is a ground state  
AdS should be stable(?) 
As a mathematical problem 
• AdS is non-globally hyperbolic 
     Is initial-boundary value problem well-posed? 




• AdS is rigid!      (M. Anderson 06) 
 
Under AdS boundary conditions that asymptotic 
timelike-future, past, and spatial infinity be exact 
AdS,  the inside must also be exact AdS  
 
Any finite excitation might eventually explore  
all configurations consistent with the conserved 
quantities—including black holes 
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• Based on the linear perturbation analysis   
     Conjecture:  Pure AdS is dynamically unstable  
                                                         (Dafermos-Holzegel 06) 
     Conjecture:  All asymptotically AdS spacetimes are                 
                            dynamically unstable (Holzegel-Smulevici) 
 
 • AdS boundary acts like a confining box, hence AdS is like a closed Universe  for the fields inside. It should be singular 
according to Hawking-Penrose’s singularity theorem  
                                                                 (Dias-Horowitz-Santos) 
 Spherically symmetric, mass-less scalar field 
 ? Bizon, Rostworowski  2011    Jalmuzna, Rostworowski, Bizon 2011 
Vacuum, gravitational waves   ? Dias, Horowitz, Santos 2011          
Turbulent instability: Numerical results 
Initial data amplitude and a sequence of critical amplitude 
Black hole forms even starting from 
arbitrarily small initial perturbations 
Initial small perturbations  grow by 
repeating bounce-off by AdS infinity  
The energy cascades from low frequency to high frequency   
 
Various instabilities in  
asymptotically AdS spacetimes 
 
• AdS itself:   
               Fields w/ Mass below BF-bound 
               Choice of boundary conditions below unitarity-bound 
               Weakly turbulent instability  
 
• Charged AdS-black hole 
              e.g.. scalar-hair condensation  
                       in holographic superconductor 
 
• Rotating AdS black hole 
              Superradiant instability   
Purpose 
Increasing evidence of superradiant instabilities 
of rapidly rotating (i.e., above Hawking-Reall 
bound)  AdS black holes.   
 
We prove that any such rapidly rotating AdS 
black hole is gravitationally unstable.  
Superradiant scattering by rotating BH 
Ergo-region 
Reflected wave can have more 







Top view of ergo-sphere and superradiance 
?????????????????????????????????????????????????
Rotating BH 
Spacetime diagram of BH scattering 
Inside Kerr  
Black Hole 
Flux  
Reflected wave  
Incident wave  
If  
Reflected wave gets amplified 
Zel’dovich 72    Starobinsky73  
e.g.     Scalar field  of  modes :    
:  Horizon angular velocity 
for  Superradiant modes 
Conervation law: 
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Superradiant instability  
Amplitude of the wave will grow unboundedly  
 due to repeated superradiant scattering   
Mirror 
Ergo-region 
Amplified waves by  
superradiant scattering 
Reflected waves by  
the mirror 
The black hole becomes 
unstable against 
superradiant modes 
If the rotating BH is surrounded by a reflecting mirror …  
Effective Mirrors  
• Boundary conditions by hand:  Black hole bomb 
                              Press-Teukolsky  Nature 238,211 (1972) 
                              Cardoso-Dias-Lemos-Yoshida PRD70,044039 
•  Inner edge of accretion disk 
                          Van Putten Science 284, 115 (1999) 
                                Aguirre, APJ 529 L9 (2000)   
• Massive bosonic fields 
                          Detweiler (1980)     
                          See e.g., Pani-Cardoso-Gualtieri-Berti-AI (2012)   
 
•  Kaluza-Klein mass for Gravitational waves / Kerr-brane  
                           Pani-Gualtieri-Cardoso -AI  (2015) 
 
• AdS Black hole?? AdS curvature 
                              Hawking-Reall 99  
                              Cardoso-Dias 04  Cardoso-Dias-Yoshida 06 
                              Kodama et al 07  Uchikata-Yoshida-Futamase 09  
Superradiant instability of Kerr-AdS 
• Amplified scattered waves bounce back and forth  
between the Black Hole and AdS-infinity  
AdS-conformal boundary 
Ergo-region 
Amplified waves by  
superradiant scattering 
Reflected waves by  
the AdS-boundary 
The total energy  
grows exponentially   
• ?????????????????????
Hawking-Reall  99,  Cardoso-Dias  04   
Cardoso-Dias-Yoshida  06,  
Kodama  07   Murata-Soda  08  
Kunduri-Lucietti-Reall 06  
Uchikata-Yoshida-Futamase  09   
Kodama-Konoplya-Zhidenko 09 
Cardoso-Dias-Hartnett-Lehner-Santos 14 
… etc.  




Instability of rotating AdS black holes 
• ????????????????? ???????????????????????????
????????????????
Stationary-rotating black hole in AdS 
:  Stationary Killing field (Asymptotic time-translation) 
:  Rotational Killing field 
                             :  Horizon Killing field  
      (tangent to the horizon generators) 
At Event Horizon:  
At AdS Infinity:  
:  becomes spacelike 
:  null (by definition) 
:  timelike  (by definition) 























???????????????????????????????????????????????????????????????????????????? ? ? ?
??????????????????????
Stability analysis 
• The standard approach: 
      Search for unstable modes by solving the linearized Einstein equations. 
     
     -- feasible for Kerr-AdS BH, as we have decoupled  master equations   
         Teukolsky  equations for Kerr-AdS (but difficult in practice)  
      
     -- hopeless in higher dimensions  
                     or in more complicated background w/ matter fields  
 
• Our approach :  based on canonical energy method 
     -- need only to solve the linearized constraint equations for initial data  
         Analysis is greatly simplified 
                   --  is applicable for many interesting cases  
                        e.g.  higher dimensions,    







? ? ???? ?????????????????????????????????????????????????????????????????????????????
???????????????
















? ? ???? ?????????????????????????????????????????????????????????????????????????????
???????????????????????????????????????????????????????????????????????????????
Expression of canonical energy 
• Initial data                       for gravitational perturbation   
• Lapse and shift                 for horizon Killing field 
• Assume                        have  a support in a compact subset         
      in the ergo-region where we choose    






















We have shown that any asymptotically globally AdS 
black hole with an ergoregion is unstable. 









They allow only a single, helical Killing field 
                             w/ axial-symmetry broken… 
 
Summary 
We have shown that any asymptotically globally AdS 
black hole with an ergoregion is unstable. 
We require only that the black hole have a single Killing 
vector field normal to the horizon and no restrictions on 
gravitational perturbations (not necessary to be 
axisymmetric as in the asymptotically flat case).  
Black moons and Black resonators, which admit only a 
single helical Killing field, are also unstable. 
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Topological vertex
and quantum mirror curves
Kanehisa Takasaki, Kinki University




3. Closed topological vertex
Based on
1. K. T., arXiv:1301.4548 [math-ph]
2. K. T. and T. Nakatsu, arXiv:1507.07053, J. Phys. A: Math.
Gen. 49 (2016), 025201 (28pp)
1
1. Topological vertex




“Topological vertex” (Aganagic, Klemm, Marin˜o and Vafa 2003)
is a diagrammatic method to construct the partition functions












• λ = (λi)∞i=1, μ = (μi)∞i=1, ν = (νi)∞i=1 are
partitions representing Young diagrams of























• s tν(q−ρ), s tλ/η(q−ν−ρ) and sμ/η(q−
tν−ρ) are special values
of the Schur/skew Schur functions s tν(x), s tλ/η(x), sμ/η(x),
x = (x1, x2, · · · ), at





• Vertex weights are glued together along the internal lines.
Edge weights are assigned to those lines.
4
1. Topological vertex
Examples (local P1 geometry)
1. Open string amplitudes of X = O(−1)⊕





































Building blocks of operator formalism
• Charge-zero sector of fermionic Fock space spanned by the
ground states 〈0|, |0〉 and the excited states
〈λ| = 〈−∞| · · ·ψ∗λi−i+1 · · ·ψ∗λ2−1ψ∗λ1 ,












:ψm−nψ∗n:, m ∈ Z,
V (k)m = q
−km/2∑
n∈Z





























Fermionic expression of vertex weight





(Okounkov, Reshetikhin and Vafa 2003)
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1. Topological vertex
Cases where amplitudes are computed explicitly
1. Strip geometry












2. Closed topological vertex
Bryan and Karp 2003, Karp, Liu and
Marin˜o 2005 (by algebraic geometry
and topological vertex)
Sulkowski 2006 (by crystal model and
topological vertex)
Our goal: To derive a q-difference equation that may be inter-




(a) The toric diagram is
a triangulation of a strip
(trapezoid of height 1).
(b) The web diagram has
N vertices, N−1 internal









Example of strip geometry (N = 5)
(c) The internal lines are assigned with Ka¨hler parameters




(d) The external lines are
assigned with partitions
α0, β1, . . . , βN , αN .
(e) The sign (or type) σn



















σ2 = σ3 = +1,
σ1 = σ4 = σ5 = −1




Infinite-product formula of amplitude
If α0 = αN = ∅, the amplitude can be computed explicitly
with the aid of the Cauchy identities for skew Schur functions
(Iqbal and Kashani-Poor 2004):
Z∅∅β1···βN = s tβ1(q













⎩βn if σn = +1,tβn if σn = −1, Qmn = QmQm+1 · · ·Qn−1
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2. Strip geometry
Fermionic formula of amplitude
The infinite-product formula holds only for α0 = αN = ∅. For
general cases, the following fermionic expression is available:
Zα0αNβ1···βN = q
(1−σ1)κ(α0)/4q(1+σN )κ(αN )/4s tβ1(q
−ρ) · · · s tβN (q−ρ)
× 〈 tα0|Γσ1− (q−β
(1)−ρ)Γσ1+ (q







where Γσ± denote Γ± if σ = +1 and Γ′± if σ = −1 (Eguchi and
Kanno 2003, Bryan and Young 2008 for special cases; Nagao 2009









































for n = 0, 1, . . . , N,N + 1, where
Z0,λ = Zλ∅∅···∅, Zn,λ = Z
∅∅
···∅λ∅··· (1 ≤ n ≤ N), ZN+1,λ = Z∅λ∅···∅
Remark: Zn,λ’s are the coefficients of Schur function expansion of a
KP tau function τn. In this sense, these wave functions are Baker-
Akhiezer functions (at the initial time t = 0) that correspond to free
fermion fields ψ(−x), ψ∗(x).
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2. Strip geometry




Cn(1)Cn(q) · · ·Cn(qk−1)
Bn(1)Bn(q) · · ·Bn(qk−1)(1− q) · · · (1− qk)q
k/2xk















Remark: When N = 1, Ψ reduces to a quantum dilog:
















Bn(q−1qx∂x)(1− qx∂x)Ψn(x) = q1/2xCn(qx∂x)Ψn(x)
Remark: 1. For the resolved conifold, these equations are derived by
Kashani-Poor 2006, Hyun and Yi 2006, Gukov and Sulkowski 2011
and Zhou 2012.
2. These equations are also studied in the context of the AGT corre-
spondence (Kozc¸az, Pasquetti and Wyllard 2010, Awata and Kanno
2010, Taki 2010) and the vortex partition function (Dimofte, Gukov




As q → 1 (yˆ = qx∂x → y), the q-difference equation
Bn(q−1qx∂x)(1− qx∂x)Ψn(x) = q1/2xCn(qx∂x)Ψn(x)
reduces to the algebraic equation
Bn(y)(1− y) = xCn(y)
of the mirror curve. In this sense, the q-difference equation
may be thought of as a quantization of the mirror curve.
Remark: The Newton polygon of Bn(y)(1 − y) − xCn(y) can be




How the equations for different n’s are related
x = (1− y)Bn(y)
Cn(y)
(♥)−→ x˜ = (1− y˜)Bn+1(y˜)
Cn+1(y˜)





−y˜−1 if σn = +1, σn+1 = +1,
1 if σn = +1, σn+1 = −1,
yy˜ if σn = −1, σn+1 = +1,
−y if σn = −1, σn+1 = −1
Birational map (♥) preserves the symplectic structure:




What about Ψ0 and ΨN+1 ?
They are related to quantum dilogs. If σ1 = +1, Ψ0(x) is a
product of quantum dilogs and satisfies the equation




If σ1 = −1, the factor qκ(α0)/2 shows up in the amplitude, and
Ψ0(x) satisfies the equation




Similar results hold for ΨN+1(x) as well.
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2. Strip geometry
What about Ψ0 and ΨN+1 ? (cont’d)
The classical limit of the q-difference equation is the algebraic
equation




for σ = +1 and




for σ = −1. This equation can be transformed to the equation
x˜ = (1− y˜)B1(y˜)/C1(y˜) associated with Ψ1(x) by a birational
symplectic map (x, y) → (x˜, y˜):
d log y ∧ d log x = d log x˜ ∧ d log y˜
20
3. Closed topological vertex
Setup
(a) Three internal lines
are assigned with Ka¨hler
parameters Q1, Q2, Q3
(b) Two vertical external
lines are assigned with
partitions β1, β2. All












Let Zctvβ1β2 denote the open string amplitude in this setting.
21
3. Closed topological vertex
Method of computation of Zctvβ1β2
• Reconstruct the amplitude
Zctvβ1β2 by gluing a single ver-
tex C tα∅∅ to the amplitude of
a strip geometry.
• Borrow tools from our previ-
ous study of the melting crys-
tal models (5D U(1) instanton
sum and its variants) (Nakatsu
and K.T, since 2007) to compute










Gluing a vertex (top) to a
strip geometry (bottom)
22
3. Closed topological vertex








Remark: 1. Yβ1β2 = 〈 tβ1| · · · | tβ2〉 happens to be the open string
amplitude of yet another strip geometry (triple-P1 geometry). This
coincidence is a key to derive a q-difference equation.
2. Letting β1 = β2 = ∅, this expression reduces to the known result
of the closed string amplitudes (Bryan and Karp 2003, Karp, Liu
and Marin˜o 2005).
23
3. Closed topological vertex
Wave functions

























obtained from the main part Yβ1β2 = 〈 tβ1| · · · | tβ2〉 of Zctvβ1β2 .
24
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3. Closed topological vertex
Wave functions (cont’d)


























for Φ(x) is transformed to the q-difference equation
(1−Q1Q2q−2qx∂x −Q1q1/2x)(1−Q1Q2q−1qx∂x −Q1Q2Q3q1/2x)Ψ(qx)
= (1−Q1Q2q−2qx∂x − q1/2x)(1−Q1Q2q−1qx∂x −Q1Q3q1/2x)Ψ(x)
for Ψ(x). Let us rewrite this equation as
H(x, qx∂x)Ψ(x) = 0
and examine the q-difference operator H(x, qx∂x).
26
3. Closed topological vertex
Reducing q-difference equation to final form
The operator H(x, qx∂x) can be factorized as
H(x, qx∂x) = (1−Q1Q2q−2qx∂x)K(x, qx∂x)
where
K(x, qx∂x) = (1−Q1Q2q−1qx∂x)(1− qx∂x)− (1 + Q1Q3)q1/2x
+ Q1(1 + Q2Q3)q1/2xqx∂x + Q1Q3qx2.
Since the prefactor 1−Q1Q2q−2qx∂x is invertible on the space
of power series of x, the equation H(x, qx∂x)Ψ(x) = 0 reduces
to
K(x, qx∂x)Ψ(x) = 0
This is the final form of our quantum mirror curve.
27
3. Closed topological vertex
Classical limit
As q → 1, the q-difference operator
K(x, qx∂x) = (1−Q1Q2q−1qx∂x)(1− qx∂x)− (1 + Q1Q3)q1/2x
+ Q1(1 + Q2Q3)q1/2xqx∂x + Q1Q3qx2
turns into the polynomial
Kcl(x, y) = (1−Q1Q2y)(1− y)− (1 + Q1Q3)x
+ Q1(1 + Q2Q3)xy + Q1Q3x2
= ax2 + bxy + cy2 + dx + ey + f
of degree two as expected.
28
3. Closed topological vertex
What about wave functions obtained from β2 = (k), (1k) ?
The q-difference equations become slightly more complicated
because of the framing factor qκ(β2)/2.
What about putting β1 and β2 on other legs ?
The open string amplitude can be expressed in a similar form.
However qK/2’s remain in the operator product, and they pre-
vent us from doing explicit computation. A similar difficulty




We have derived a quantization K(x, qx∂x)Ψ(x) = 0 of the
mirror curve Kcl(x, y) = 0 in the following special cases by
explicit computation of Ψ(x).
1. Strip geometry Ψ(x) is a q-hypergeometric series or related
to quantum dilogarithmic functions:
K(x, qx∂x) = Bn(q−1qx∂x)(1− qx∂x)− q1/2xCn(qx∂x),
K(x, qx∂x) = qx∂x −A(x), or K(x, qx∂x) = qx∂x −A(xqx∂x)
2. Closed topological vertex Ψ(x) is obtained from the diloga-
rithmic wave function Φ(x) of a triple-P3 geometry by a simple
transformaiton. The final form K(x, qx∂x) = Ax2 + Bxqx∂x +
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a = 1, 2, 3
?????????????????????????????????????????????????????






























































??? v ∼ 102 TeV, M ∼ Mp ??????????????????????∼ 10−13
??????????????????????????????????????? ????????????????????????????????????
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Based on arXiv:1410.3382, 1511.02860, 
1512.03061
Collaborators: S. Franco, A. Grassi & M. Marino 
[Conceptual overlap with Takasaki-san’s talk]
RIKKYO MathPhys 2016
1.  Starting with an algebraic curve describing a 
mirror Calabi-Yau, one can define a quantum 
mechanical operator. We conjectured exact 
forms of a spectral determinant and a 
quantization condition for this operator by 
using topological strings.
Main Results
Topological string theory can be used to solve 
a class of relativistic integrable systems!
Mirror curve Quantum operator
Spectral determinant Quantization condition
Grassi-YH-Marino, 1410.3382
2.  Using a known relation between topological 
strings and integrables systems, we 
proposed exact quantization conditions for 
the relativistic Toda lattice
3.  This conjecture was extended to a wide 
class of integrable systems, called cluster 
integrable systems by Goncharov and 
Kenyon
Mirror curve Spectral curve≡
Toric CYs
Integrable systems Topological stringssolve
YH-Marino, 1511.02860
Franco-YH-Marino, 1512.03061
Quantum mirror curve ≡ Baxter equation
Goncharov-Kenyon ’11
In all cases, the exact quantization 
conditions universally have a beautiful 
S-dual structure!
Schematically...
Free energy in NS limit
In the special limit (4d limit), our results reduce to 
























1. Topological Strings and Quantum 
Mechanical Systems
2. Exact Quantization Conditions for 
Relativistic Integrable Systems
Plan of Talk
1. Topological Strings and 
    Quantum Mechanical Systems
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• Mirror symmetry relates two different 
Calabi-Yau manifolds
• Two different topological strings on these 
CYs are equivalent
• This duality is very important both 
conceptually and practically
Mirror Symmetry
A-model on X B-model on Y≡
Kaehler structure Complex structure 
• B-model on mirror CY is described by 
an algebraic curve (a mirror curve)
• These curves are sufficient to 
construct the all-genus topological 
string partition function by topological 
recursion a la Eynard and Orantin 
(“Remodeling formalism”)
OX(ex, ep) = H
Bouchard et al. ’07
Examples of Mirror Curves
X OX(x, p)
local P2 ex + ep + e−x−p
local F0 e
x +me−x + ep + e−p
local F1 e
x +me−x + ep + e−x−p
local F2 e
x +me−x + ep + e−2x−p
local B2 m2ex +m1ep + e−x + e−p + ex+p
local B3 m1e−x + ex +m2e−p + ep +m3ex+p + e−x−p
• Here we see another aspect of the mirror 
curves
• Let us consider a quantization of a given 
mirror curve
• The mirror curve naturally leads to a 
quantum mechanical operator
Quantizing Mirror Curves
Hˆ = OˆX(exˆ, epˆ) [xˆ, pˆ] = i
• Claim: The inverse operator of        is a trace 
class operator, and has an infinite number of 
discrete eigenvalues
X OX(x, p)
local P2 ex + ep + e−x−p
local F0 e
x +me−x + ep + e−p
local F1 e
x +me−x + ep + e−x−p
local F2 e
x +me−x + ep + e−2x−p
local B2 m2ex +m1ep + e−x + e−p + ex+p
local B3 m1e−x + ex +m2e−p + ep +m3ex+p + e−x−p
OˆX
ρˆX = Oˆ−1X ρˆX |ψn〉 = λn|ψn〉
Kashaev-Marino ‘15
Grassi-YH-Marino ‘14
• This naturally leads to a quantum eigenvalue 
problem
• Remarkably, this problem can be solved for 
any Planck constant by using topological 
string results!
• Our strategy is to construct the exact 
spectral determinant first, and then read off 
its zeros
ρˆX |ψn〉 = λn()|ψn〉
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• Definition
• It has zeros at
• If the spectral determinant is known, by 
construction, the spectral problem is solved
Spectral Determinant





• Our conjecture: For a given (genus one) 
mirror curve, one can explicitly construct 
the spectral determinant
• The building block       is related to the 
refined topological string free energy on X
• Higher genus generalization
ΞX(κ; ) = e








• Explicit form of JX
JX(μ; ) = J
WKB
X (μ; ) + J
np
X (μ; )
























FNS(t; ) := lim
2→0
	2F
refined (t; 	1 = , 	2)
FGV(t; gs) := lim
2→−1
F refined (t; 	1 = gs, 	2)
• The WKB part is visible in the semi-classical 
limit, but the NP part is invisible
• The modulus    is related to    in a non-trivial 
way (quantum corrected mirror map)
Remarks
μ
WKB part ∼ e−t
NP part ∼ e− 2πt
t = ΠA(z; ), z = e
−rμ
Aganagic et al. ’11
t
• A quantum mirror curve leads to a 
difference equation
• This difference equation takes the same 
form as the Baxter equation
• If the square integrability of the wave 
function is required, only the discrete 
spectra of H are allowed
Further Remarks
OF0 = ex +me−x + ep + e−p = H
ψ(x+ i) + ψ(x− i) = (H − ex −me−x)ψ(x)
• The spectral determinant has information 
on all the eigenvalues
• What we have to do is to read off its zeros
• The vanishing condition leads to an exact 








• We explicitly wrote down vanishing condition
• Then, Wang, Zhang and Huang rewrote it as 
a much more beautiful form













t = ΠA(H; ) (Quantum mirror map)
Grassi-YH-Marino ‘14
Wang et al. ’15
 ↔ D = 4π
2

t ↔ tD = 2πt

, S-duality!
• Our conjecture is quite heuristic, and thus 
we have to check it carefully
• Compute the spectra in two ways, 
independently
• Solve the quantization condition





















We have checked for various hbar
= − log λ0
ρˆP2 = (e
xˆ + epˆ + e−xˆ−pˆ)−1
2. Exact Quantization Conditions 
  for Relativistic Integrable Systems
• Can we extend the previous result to more 
interesting eigenvalue problems?
• The answer is YES!
• We can solve eigenvalue problems for 
known integrable systems
• A familiar example is the relativistic Toda 
lattice
• Our result can be further generalized to 
wider (less familiar) integrable systems 
Generalization
• There is a well-known relation between the 
Toda lattice and the 4d N=2 supersymmetric 
gauge theory (Seiberg-Witten theory)
• This relation is generalized to the 
relativistic system and the 5d theory/
topological string theory
Toda Lattice and Topological Strings
Spectral curve of Toda lattice
Seiberg-Witten curve≡
Gorsky et al. ’95
Nekrasov ’96
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• A relativistic generalization of the Toda 
lattice
• It is still integrable
• In the non-relativistic limit, it reduces to the 
standard Toda lattice










z − z−1eRpn Re−qn
−Reqn+Rpn 0
)
2T (z;R) = Tr[LN(z;R) · · ·L1(z;R)]
[qn, pm] = iδnm




(−1)kzN−2kHk(q1, p1; . . . ; qN , pN)
• Our goal is to diagonalize N-1 Hamiltonians
• They have discrete eigenvalues






• Correspondig geometry in 
the topological string
Relativistic Toda
5d pure SU(N) SYM
Topological string on AN-1 geometry
Spectra for N=3
• Our quantization condition is easily 
extended to generic CYs
• The main difference is that in general there 
are many moduli of CYs
• Roughly speaking, these moduli are related 
to eigenvalues of commuting Hamiltonians 
in non-trivial ways (quantum mirror map)
• Our quantization conditions (schematically)
• We need the NS free energy
• The refined free energy on AN-1 geometry 
was computed by Taki-san, using the 
refined topological vertex



















tm = ΠAm( H; ) (Quantum mirror map)
YH-Marino, 1511.02860
• The Hamiltonian
• In the COM frame, this reduces to
• This is equivalent to the Hamiltonian for 
local F0
• Thus this has already been solved
Result for N=2




H = R2(eξ + e−ξ) + eRμ + e−Rμ
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• There are two commuting Hamiltonians
























Numerical value 61.9664190064911 152.359672001068
Eigenvalues (1,0) for  = 2π
= H2
Eigenvalues (0,0) for various hbar





Numerical value 15.8137841054 93.5700660274





Numerical value 15.1622789846 109.442994727
Our quantization conditions correctly 
reproduce the true eigenvalues! 
• For a given non-compact toric CY threefold, 
one can construct mutually commuting 
Hamiltonians systematically (cluster 
integrable systems)
• Our quantization conditions indeed 
diagonalize these Hamiltonians!
• We have explicitly checked it for resolved 




• We have checked this fact in some explicit 
examples, the relativistic Toda lattice etc, 
at the very quantitative level.
• It would be interesting to check it further 
for more complicated examples
Summary
Topological string theory can be used to solve 
a class of relativistic integrable systems! • How to construct eigenfunctions? Open 
topological strings? 5d AGT?
• What is the origin of the S-dual structure in 




Karchev et al. ’01
Modular double in relativistic Toda lattice
q = eπib
2




The left marginal: TASEP
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Macdonald processes
Borodin-Corwin (2011) introduced a q-deformation of Borodin-Ferrari (2008)








sλ(1)(1)sλ(2)/λ(1)(1) · · · sλ(N)/λ(N−1)(1) · sλ(N)(ρt)
→ 1
eNt
Pλ(1)(1)Pλ(2)/λ(1)(1) · · ·Pλ(N)/λ(N−1)(1) · Qλ(N)(ρt)
where Pλ/µ and Qλ are the q-Whittaker functions.
The q-Whittaker functions are the Macdonald symmetric functions (two
parameters (q, t) generalizations of the Schur function) with t = 0. When
















= ∼ = ∼
= ∼∼: push=: exclusion
Rates of each λ
(j)
i depends on
q and the configurations.
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Determinantal structures in a random polymer model
Takashi Imamura
Department of mathematics and informatics, Chiba university




otally asymmetric simple exclusion process (TASEP)
Rules:
1 Each particle hop to the right neighboring site with rate 1 if the site is
mpty.
2 The particle cannot hop if the right neighboring is occupied (exclusion
interaction).
Applications: Nonequilibrium statistical physics (ionic conductor, traffic flow,
surface growth)
Integrable structures:
Stationary state (1990∼): matrix product method (Derrida et al)
Dynamics (2000∼): r ndom matrices(Johansson, Spohn)
Integrable probability (2010∼): Sasamoto-Spohn, Amir-Corwin-Quastel
Borodin-Corwin
. I 10th January 2016 2
A basic question: the tagged particle problem
X (s) : the position of a particular particle (called the tagged particle) at time
s. (we set X (0) = 0)
Law of X (s) for large s. (e.g. average, variance, distributions, etc.)
Simple random walk (without exclusion):

















: central limit theorem
These are known to be universal.
TASEP: Limiting behavior when both s and N (the number of particles) are
large.
Does the exponent of fluctuation deviate from 1/2?
Does the distribution become non Gaussian?
10th January 2016 3
Random matrix theory: GUE Dyson’s Brownian motion
N × N Hermitian matrix, aii ∼ Bii (t), aij ∼ Bij(t)/
√
2, bij ∼ B˜ij(t)/
√
Bij(t), B˜ij(t): 1d standard Brownian motions
a11 a12 +
√−1b12 · · · a1N +
√− b1N
a12 −








√−1b2N · · · aNN

The probability density function (pdf) of eigenvalues at t:
x1 > x2 > · · · > xN is given by level repulsion













Product of two (Vandermonde) determinant∼ N free Fermions.
. I r 10th January 2016 4
Gaussian Unitary Ensemble (GUE)









By the random matrix technique (Tracy-Widom(1998)), we readily obtain
the Fredholm determinant representation.










dxj · det (KGUE(xl , xm; t))kl,m=1,














Hk(x) : kth Hermite polynomial
Determinantal point process (free Fermion)
det (KGUE(xl , xm))
k
l,m=1 : k-point correlation function of the eigenvalues
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GUE Tr cy-Widom distribution























det (K (xm, xn))
k
m,n=1
Airy kernelK (x , y) =
∫ ∞
0
dλAi(x + λ)Ai( + λ),











q(x) = 2q(x)2 + xq(x), q(x) ∼ Ai(x), x →∞
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Tracy-Widom distribution
T. Imamura 10th January 2016 7 / 30
Tagged particle for TASEP
Step initial condition











with t = N
 
1/3: Kardar-Parisi-Zhang universality class
F2(s) : GUE Tracy-Widom distribution
This relation implies a connection between TASEP and random matrix
theory.
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Unified theory
To unify the TASEP (N particles) and the GUE (rank N), we introduce new
stochastic process on the N(N +1)/2 dimensional Gelfand-Tsetlin cone GTN .
GTN := {{λ(j)i }1≤i≤j≤N ∈ ZN(N+1)/2|x (m+1)+1 ≤ x (m) ≤ x (m+1)
with 1 ≤  ≤ m ≤ N − 1}.
Each λ
(j)
i moves to λ
(j)
i + 1 with rate 1 (Poisson random walk) with
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= ∼ ∼: push interaction
=: exclusion interaction
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Joint distribution and the Schur functions
Borodin-Ferrari (2008) showed that the probability density function of the
positions at time s is described as
P
(





sλ(1)(1)sλ(2)/λ(1)(1) · · · sλ(N)/λ(N−1)(1) · sλ(N)(ρs)
where sλ(x) is the Schur function and ρt means the Plancherel specialization.
Jacobi-Trudi formula:
sλ/μ(a1, · · · , am) = det
(
hλi−μj+j−i (a1, · · · , am)
)
where hk(a1, · · · , am): kth complete symmetric polynomial




ak11 · · · akmm , hk(ρs) =
sk
k!
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Two marginals
The left marginal: TASEP
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Two marginals
The left marginal: q-TASEP
The exclusion process with jump rate 1− qλ(j−1)j−1 −λ(j)j .




N times︷ ︸︸ ︷
1, · · · , 1)Qλ(N)(ρs)
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N =the position of the Nth particle of q-TASEP
=the smallest particle in the q-Whittaker measure
Not a product of two determinants
Macdonald polynomials do not inherit the determinantal structure of the
Schur polynomial.
Nevertheless Borodin-Corwin (2011) found a Fredholm determinant















where ζ ∈ C, 〈·〉 represents the expectation value with respect to the
q-Whittaker measure and
(a; q)∞ := (1− a)(1− aq)(1− aq2) · · ·
(a; q)k := (1− a)(1− aq) · · · (1− aqk−1)















= det (1 + Kζ)L2(C0) .
 
Fredholm determinant (C0: unit circle around the origin)











· det (Kζ(zl , zm))kl,m=1
Borodin-Corwin (2011) used some properties of the Macdonald difference
operator.
Now many stochastic processes which has the Fredholm determinant
representaions have been discovered. (Integrable probability)
These stochastic processes are not a determinantal point process (except the
Schur case q = 0).
We want to reveal determinantal structures lying behind the
nondeterminantal point processes.
T. Imamura 10th January 2016 15 / 30
A Brownian analogue of the q-TASEP
We take a q → 1 limit
q = e−, s = t−2, λ(k)j = t
−2 − (k + 1− 2j)−1 log + yk,j−1,  → 0
The left marginal: Let Zj = e
yj,j . Then we have the stochastic differential
equations.
dZj = dZj−1 + ZjdBj , j = 1, · · · ,N
where Z0 = 0, Bj , j = 1, · · · ,N: independent 1d standard Brownian
motions.




eB1(s1)+B2(s1,s2)+···+BN (sN−1,t)ds1 · · · dsN−1
The top martinal: for the q-Whittaker measure → Whittaker measure
ZN(t): The partition function of the O’Connell-Yor random directed polymer
model
T. Imamura 10th January 2016 16 / 30
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The O’Connell-Yor polymer
It is introduced by O’Connell-Yor(2001). A typical model of the directed
polymer in random environment in two dimension (one discrete + one
continuous).













eβ(B1(s1)+B2(s1,s2)+···+BN (sN−1,t))ds1 · · · dsN−1
β = 1/kBT : inverse temperature
T. Imamura 10th January 2016 17 / 30
Motivation
O’Connell (2010), Borodin-Corwin(2011):












, s˜ = s − log β2(N − 1)/β
m(x1, · · · , xN ; t): pdf of the Whittaker measure
It is expressed as the Whittaker functions.
Not a product of two determinants
Katori (2012): a probabilistic interpretation.







= det (1 + L)L2(C0)
Why does the determinatal structure arise in non-determinantal processes?















dxj fF (xj − u) ·W (x1, · · · , xN ; t),
fF (x) = 1/(e
βx + 1) : the Fermi distribution function








(xk − xj) · det (ψk−1(xj ; t))Nj,k=1,








Γ (1 + iw/β)N
.
W (x ; t)dx : a signed measure
A product of the two determinants
Random matrix techniques can be applied.
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, f¯u(x) = fF (x − u)− 1
K (x , y ; t) =
N−1∑
j=0
φk(x ; t)ψk(y ; t)





2/2 Γ(v/β + 1)
N
vk+1








Γ (1 + w/β)N
Biorthogonal relation
∫∞
−∞ φj(x ; t)ψk(x ; t) = δj,k










= det (1 + L)L2(C0)
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The zero-temperature limit β → ∞














dxj fF (xj − u) ·W (x1, · · · , xN ; t),








(xk − xj) · det (ψk−1(xj ; t))Nj,k=1
In the zero-temperature limit, they go to the result by Baryshnikov(2001),
Gravner-Tracy-Widom(2001), Warren(2007).
Prob(−fN(t) < s) =
∫ s
−∞





(Bi (si )− Bi (si−1))
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K (x , y ; t) =
N−1∑
j=0
φk(x ; t)ψk(y ; t).
In the zero-temperature limit, it goes to









(Bi (si )− Bi (si−1))
























)− k2 φk(x ; t) = Hk ( x√2t
)
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The scaling limit to the KPZ equation
The KPZ scaling limit: FN(t) → h(T ,X )
∂
∂t













+ η(T ,X )




ψk(x ; t)/C (N) = lim
N→∞
C (N)φk(x ; t) =
Ai(ξ − λ)
γT
which leads to the pointwise convergence to the KPZ kernel.
K (xi , xj) → KKPZ(ξi , ξj)
KKPZ(ξi , ξj) = e
γT (ξi−s)
eγT (ξi−s) + 1
∫ ∞
0
dλAi(ξi + λ)Ai(ξj + λ)
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O’Connell’s representation revisted



































(λi − λj) : Sklyanin measure













dtfF (t − u) · det (Fjk(tj ; t))Nj,k=1
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Brownian particle systems with reflection interactions












dtfF (t − u) · det (Fjk(tj ; t))Nj,k=1
−−−−→
β→∞





dx · det (Fk−j(xj ; t))Ni,j=1








, n ∈ Z.
Warren(2005) found that det (Fk−j(xj ; t)) describes the transition density of
the N-Brownian particle system where i + 1th particle is reflected from ith
and fN(t) ∼ XN(t).
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Warren’s approach
Warren (2005): The zero-temperature case











































Warren (2005) introduced the relected Brownian motions on the
Gelfand-Tsetlin cone whose transition density QGT(xN ; t) is expressed as



















where 1GT(xk) represents the indicator function on GT cone.
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Warren’s approach
Warren (2005) obtained the following relations
Proposition (Warren(2005))∫
RN(N−1)/2
dA1QGT (xN ; t) = det
(







1 − x (j)1 ),
∫
RN(N−1)/2





j − x (N)j+1),































 · PGUE(x (N)1 , · · · , x (N)N ; t)
is established
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Warren’s approach
Warren (2005): The zero-temperature case































































dxj f (xj − u) ·W (x1, · · · , xN ; t)
Is there a similar structure to QGT(xN ; t)?
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A determinantal weight on RN(N+1)/2
We define a measure Ru(xN ; t)dxN by















0 = u, fi (x) =
{
fF (x) = 1/(e
βx + 1), i = 1,Fermi
fB(x) = 1/(e











































1 , · · · , x (N)N ; t
)
,
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Summary




eβ(B1(s1)+B2(s1,s2)+···+BN (sN−1,t))ds1 · · · dsN−1














dxj fF (xj − u) ·W (x1, · · · , xN ; t).
To get it, we introduced the determinantal weight on R
N(N+1)
2












This is a finite-temperature generalization of the pdf of the interacting BMs
on GT cone (Warren 2005).
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Search for dead-end CFTs
Yu Nakayama (Kavli IPMU)
arXiv:1501.02280 + a little bit
The rules of the game are as follows:
• We look for conformal field theories (CFTs) without 
any relevant scalar deformations. We name them 
dead-end CFTs. 
• We do not ask what will happen after introducing 
relevant deformations (if any).
• We do not impose any continuous global symmetries 
or discrete global/gauge symmetries.
• We assume that dead-end CFTs are unitary, causal, 
and have finite energy-momentum tensors.
• Deformations must be physical. In gauge theories, 





• IR regularization in CFT S-matrix
Physical motivation
• Self-organized criticality
• Non-trivial end points of RG-flows
• Herbertsmithite ZnCu3(OH)6Cl2
• Some quantum spin liquid
• Actually symmetry protected 
self-organized criticality 
• Described by conformal QED3 
and forbid mass by symmetries
• I’m talking about more strict situations
You don’t have to tune anything in dead-end CFTs 
Physical motivation
• However, what we really want is the universe without 
any moduli (or light scalar degrees of freedom)
• Suppose our universe has tiny negative CC (should be 
possible from Landscape Philosophy to solve CC 
problems)
• Then AdS/CFT says we have CFT without any relevant 
deformations (after all Higgs is the lightest scalar)
• But are there any known such CFTs?
• As we will discuss, no single such CFT is known in d=3 
(or d=4 bulk, i.e. in landscape of our universe) 
They say string theory predicts               vacua
Physical motivation
• Consdider IR regularization in CFT S-matrix
• Recently, there are lot use of concepts of S-matrix in CFTs
(Hofman,Maldacena,Zhiboedov, Komargodski…) 
• Conformal collider
• Proof of a-theorem or scale  conformal invariance
• Higher spin constraints 
• S-matrix has causality, analyticity, unitarity properties that 
we can use 
• Strictly speaking, S-matrix does not exist in CFT, but they 
assume that, after IR regularization, S-matrix makes sense, 
and CFT will govern the regularized S-matrix
• Most CFTs seem OK with relevant deformations, but what 
happens in dead-end CFTs?
In dead-end CFTs, IR singularity is unavoidable
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Free dead end CFTs
• Free theory examples in d=4
• U(1) free Maxwell theory
• Gauge coupling is exactly marginal (or redundant)
• No other examples (e.g. Weyl fermions allow Majorana mass)
• Free theory examples in d=3?
• U(1) free Maxwell theory
• Scale but not conformal…
• Chern-Simons theory
• Trivial local correlators
• No other examples (e.g. fermions allow real mass)
Can we find any dead-end CFTs?
Interacting dead end CFTs
• Yes. From (infinitely) many chiral gauge theories in d=4
• One example: SO(10) gauge theory with        (chiral) 
fermions in spinor (16) rep
• Theta parameter is redundant
• Classically there are no relevant deformations (no mass 
term in particular)
• Quantum mechanically, gauge coupling runs
• : asymptotic free
• : possibly conformal
• :  possibly confine without mass gap, but we don’t know 
what happens precisely…  
Are there any non-trivial examples?
Weakly coupled example 1
• SO(10) gauge theories with       chiral fermions in 16 rep
• No difficulty in computing beta function (at least up to 
3-loops: c.f. standard model of particle physics)
• For SO(10) with spinor (16) rep, we have
• We find zero  in
• For               , the first irrelevant deformation has 
dimension 
Try perturbative analysis of fixed points
Weakly coupled example 2
• 3-loop beta function can be computed
• We find zero  in 
• For                , the first irrelevant deformation has 
dimension 
• Perturbation theory seems trusted
• Perturbative existence of chiral CFTs without any 
relevant deformations (dead-end CFT)
To see the validity of perturbations…
Non-perturbative completion?
• Local F-theory construction 
• E6 7-branes on Hirzebruch surface F1 with the U(1) flux
• Gauge group SO(10) with
• For example, take                            to get 
• Lattice construction
• Domain wall fermions + mirror fermion decoupling
• Kitaev-Wen mechanism: four fermi interactions to gap them
• Grabowska-Kaplan: Gradient-flow for 5d gauge fields
But I don’t believe in chiral gauge theories!
3d example?
• Possible in d=3?
• This is much more difficult
• No chiral fermions: we cannot forbid real mass term (fermion 
must be in real rep in d=3)
• Indeed, we can easily argue that there exist no dead-
end CFTs within the weakly coupled Lagrangian
descriptions in d=3 (except for CS theories)
• Disaster in Landscape dual for our real world??
So far, so good in d=4 cases, but…
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Bootstrap example in 3d?
• Non-perturbative search for dead end CFTs in d=3 is urgent 
(otherwise, string landscape would not make sense)
• There is a promising result from conformal bootstrap with 
fermions in d=3 (Iliesiuet al)
• At this kink (jump) we have consistent 4pt functions 




Special thanks to T. Ohtsuki for collaborations on conformal 
bootstrap
The rules of the game are as follows:
• We look for conformal field theories (CFTs) without 
any relevant scalar deformations. We name them 
dead-end CFTs. 
• We do not ask what will happen after introducing 
relevant deformations (if any).
• We do not impose any continuous global symmetries 
or discrete global/gauge symmetries.
• One may forbid the deformation by global symmetries
• We assume that dead-end CFTs are unitary, causal, 
and have finite energy-momentum tensors.
Let’s play! 
Many examples of SP dead-end CFTs
• Many examples (even vector-like)
• Take Banks-Zaks multi-flavored QCD
• All relevant deformations can be forbidden by chiral 
symmetries
• In d=3, take multi-flavored QED (c.f. Herbertsmithite)
• All relevant deformations may be forbidden by flavor + CP 
symmetry (coming from lattice symmetry)
• Relevance to String Landscape is not obvious…
What about symmetry protected dead-end  CFTs?
Necessary conditions for symmetry protected 
dead-end CFT
• Under which conditions, there is no relevant operators 
that are singlet under the global symmetries
• Under which conditions, one can impose the global 
symmetry constraint only from discrete symmetries
= Under which condition, we have an emergent global    
symmetry out of discrete symmetries
• This question is important in lattice realization
Was Herbertsmithite symmetry protected dead-
end CFT?
• The model: d=3 QED
• Experimentalists measured(?) dimensions of certain 
disorder
• This operator itself  can be forbidden by  time-reversal 
symmetry in d=3 (Recall fermion real mass breaks T in d=3)
• The question is if there are any relevant singlet operators?
• What is the dimension of four-fermi operator?
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Was Herbertsmithite symmetry protected dead-
end CFT
• Dimensions of disorder
• If this number were correct, bootstrap tells symmetry unprotected 
operator with dimension < 2.3
• It cannot be symmetry protected dead-end CFTs
• Probably someone is wrong
No DEAD-END?
Necessary conditions for emergent U(1) global 
symmetries
• Constraint on emergent symmetry in nature
• Suppose we have Z2 symmetry (say strictly realized on lattice), 
when do we have the IR emergent U(1) global symmetry? (In 
order to get symmetry protected dead-end CFTs…)
• Applications to controversial physics
• Application 1: On which lattice (square: Z4, honeycomb: Z3, 
rectangular Z2), does Neel-VBS quantum phase transition show 
the second order phase transition?
• Application 2: Order of QCD chiral phase transition. Is SU(2)x 
SU(2) x Z8  effective symmetry (c.f. Aoki et al) enhanced to SU(2) 
x SU(2) x U(1) in the IR?
Necessary conditions for emergent U(1) global 
symmetries
• In order for Z2 symmetry to be enhanced to U(1), 
charge 2 operator must be irrelevant
• This gives the necessary condition 
Two applications
• In order for Z2 symmetry to be enhanced to U(1), 
charge 2 operator must be irrelevant
• This gives the necessary condition 
• In Neel-VBS transition, in simulations by Kawamura et 
al, it was measured for N = 4, so the 
theory cannot show 2nd order phase transitions on 
rectangular lattice (unlike some claims that they do)
• In SU(2)xSU(2)x U(1)a symmetric CFT,                          
thus, SU(2) x SU(2) x Z8 cannot be enhanced to SU(2) x 
SU(2) x U(1)a without fine-tuning (c.f. QCD)
Summary
• You’re very welcome to look for more examples of dead-
end CFTs
• Any explicit examples in d=3 is a breakthrough
• It seems trivial to construct such in effective AdS dual. 
Why does it have to be so hard? Is it related to swampland 
in the landscape?
• Symmetry protected dead-end CFTs are physically realized
• Many condensed matter papers are inconsistent with 




• Not completely settled, but some proposals are 
available
• Starting point is domain wall fermions with left + right 
16 fermions at boundaries of 1+4 dim
• How to get rid of mirror fermions?
• Kitaev-Wen: add (strong) four-fermi interactions 
(+suitable UV completion) at boundary (mass without 
mass term)
• Claimed to make mirror fermion massive without 
breaking SO(10) gauge symmetry
Still I want a lattice construction…
How?
• Starting point is domain wall fermions with left + right 16 
fermions at boundaries of 1+4 dim
• How to get rid of mirror fermions?
• Grabowska-Kaplan: make 5d gauge field satisfy gradient 
flow. Mirror fermions decouple at high energy
• Zero mode decouples iff anomaly is cancelled, (there 
remains a subtle topological effect)
• But we need to demonstrate they really work. So far, all the 
attempts that should work have never worked in chiral 
lattice gauge theories…
Still I want another lattice construction…
When?
• I don’t have any particular motivation, but 
supersymmetrization of the game may be interesting
• Mario Brothers  Super Mario Brothers
• Assuming energy-momentum tensor SUSY multiplet is 
physical
• In d=4, SCA tells N=4 SUSY dead-end CFT does not exist 
• This is also true for N=2 SUSY dead-end CFT
• SCA does not tell if N=1 SUSY dead-end CFT exists or does 




• Slightly different questions have been studied
• Assuming all the SUSY preserving operators are in physical multiplet
• In d=4, SCA tells all N=4 theories  SUSY protected dead-end (so are 
N=(2,0) in d=6)
• In d=4, SCA tells all N=2 theories without flavor symmetry are SUSY 
protected dead-end (so are (1,0) in d=6: c.f. yet to be published work 
by Cordova et al)
• There are some examples with N=1 SUSY protected dead-end CFTs (e.g. 
chiral SUSY gauge theories)
• However, there may exist deformations whose superconformal
multiplets are not physical (e.g. Fayet Illiopolous terms in d=4), so  the 
classification by Cordova et al may not be complete 
Supersymmetry protected dead-end CFTs?
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Determinantal Interacting  
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1. Introduction:  










When  = 2,  





with an absorbing wall 
at the origin 
Noncolliding particles 
with a reflecting wall 















Noncolliding BM with ordered drift-coefficients 
































 Extension to Infinite Particle Systems 
34 
N increases  
Correlation functions can be defined also for 
infinite particle systems, if they are determinantal, 
35 
N increases 
to infinity  
and if the correlation 
kernel has a limit  
in N infinity. 
3. Family of Determinantal Processes 




Claim: Determinantal processes realized in the =2 case 
in the above Examples are all in this family. 
39 
Martingale is a betting strategy
40 
?? You bet ????, 
the banker bets ????. You win a bet, you get ????.   
You stop the game,  
? ? then your gain is  
? ? ??????????????? 
You lose a bet. 
You continue the game. 
? You double your bet. 
? You bet ????, 
? the banker bets ????. 
You win a bet, you get ????. 
You stop the game, then your gain is  
????????????????????? You lose a bet. You continue the game. 
? You double your bet again. 
? You bet ??????the banker bets ??????







Integral representation of `martingale-polynomials’ 
49 50 
51 
A Consequence of Conformal Invariance of Complex BM 

















confinement in the negative region R-
at time t = 0
Airy zeros




confinement in the negative region R-
at time t = 0
strong repulsive forces




due to noncolliding condition
drift terms
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a = 1 ∼ 8
A,B = 1, 2, 3 (color)
????????????????????????
?????????????????????????
F aμν = ∂μA
a
























































Uμ(x) = eigaAμ(x) = 1 + igaAμ(x) +
{igaAμ(x)}2
2!






x x + μˆ x x + μˆ
U−μ(x + μˆ) ≡ Uμ(x)†
16?1?11????




























x x + μˆ




















































































〈O(q, q¯, U)〉 =
∫




???????????????? ≡ P (U)




























|〈0|p(0,0)|n〉|2e−mnt = C0e−m0t + C1e−m1t + · · ·





















a → 0 limit should be taken.
????????????
???????????????
mN (a) = mN (0) + C1a






























u¯u− d¯d π0 ρ0
d¯u, u¯d π± ρ±
u¯u + d¯d η ω
s¯d, d¯s K0, K¯0 (K∗)0, (K¯∗)0
s¯u, u¯s K± (K∗)±
s¯s ηs φ
Baryon

































mu 	= md effect
























BMW 2014    HCH
mass splitting [MeV] QCD [MeV] QED [MeV]
ΔN = n− p 1.51(16)(23) 2.52(17)(24) -1.00(07)(14)
ΔΣ = Σ− − Σ+ 8.09(16)(11) 8.09(16)(11) 0
ΔΞ = Ξ− − Ξ0 6.66(11)(09) 5.53(17)(17) 1.14(16)(09)
ΔD = D± −D0 4.68(10)(13) 2.54(08)(10) 2.14(11)(07)
ΔΞcc = Ξ
++
cc − Ξ+cc 2.16(11)(17) -2.53(11)(06) 4.69(10)(17)

































(t, x)|0〉+ · · ·
= 〈0|Aπ+0 |π+(0)〉〈π+(0)|Pπ








(t, x)|0〉 = 〈0|Pπ+ |π+(0)〉〈π+(0)|Pπ− |0〉e−mπt + · · ·






efπ = 130.2 (1.4) MeV (Nf = 2 + 1),fK = 156.3 (0.9) MeV (Nf = 2 + 1),
fK = 158.1 (2.5) MeV (Nf = 2).



























































Nf = 2 + 1 : BˆK = 0.7661(99),
































ΔI = 1/2 rule Re A0
Re A2
= 22.45(6) ?????? ???
δ0,2 strong phases














K → (ππ)I=2 decay amplitude
ReA2 ¼ 1:381ð46Þstatð258Þsyst108 GeV;





a−1 = 1.364 GeV, mπ = 142 MeV, mK = 506 MeV
W2π = 486 MeV





9:1ð2:1Þ for mK ¼ 878 MeV; m¼ 422 MeV
12:0ð1:7Þ for mK ¼ 662 MeV; m¼ 329 MeV:









2+1 flavor QCD, a−1 = 1.38 GeV, mπ = 143 MeV
???????
Re(A0) = 4.66(1.00)(1.21)× 10−7 GeV
Im(A0) = −1.90(1.23)(1.04)× 10−11 GeV
Re (A0)
?????? ???




























N3s ×NT , NT  Ns T =
1
Nta












F = −T logZ































lattice continuum limit SB













































































































????????????????? ?????? ????????? ?? ??????????????????????????????????????
?? ??????????????????????????????????????












Lu¨sher’s finite volume method for the phase shift
?????????????????????????????? (V = L3)
E = 2
√
k2 + m2?????? k 	= 2π
L
n (n ∈ Z3)
????????????????????????????????????????????
??????????? δl(kn)
????????????? k cot δ0(k) =
2√
πL
Z00(1; q2) k = |k| q = kL2π 	= Z







π+π− scattering ( ρ meson width)
??????????????????????????????????????
















































 0.14  0.15  0.16  0.17  0.18
I = 1 ππ scattering (ρ resonance) Dudek-Edwards-Thomas, PRD87(2013)034505
δ1(Ecm)
2-flavor anisotropic clover fermion
mπ ∼ 400MeV
as ∼ 0.12 fm
16?1?11????
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Bali et al., arXiv:1512.08678[hep-lat]










2-flavor QCD, a 













mρ = 715(16)(21)MeV , mK∗ = 869(6)(26)MeV
gρππ = 5.37± 0.79 , gK∗Kπ = 4.43± 0.66 ,












?????????? V (x) ???????? V (x) ?????????????????????






























?????? Wk = 2
√













?????? ??????????????? ?????????????????????????????? ????????????
ϕk(r) = 〈0|N(x + r, 0)N(x, 0)|NN,Wk〉
???????????????







r = |r| → ∞
ϕlk → Al


































[k −H0]ϕk(x)η−1k,k′ηk′,p = [p −H0]ϕp(x)
???????????????????????? ??????????????????? ????????????????????????????????? ???
??????





U(x,y) = V (x,∇)δ3(x− y)
V (x,∇) = V0(r) + Vσ(r)(σ1 · σ2) + VT (r)S12 + VLS(r)L · S + O(∇2)


















F (r, t− t0) = 〈0|T{N(x+ r, t)N(x, t)}J (t0)|0〉
?????????????
F (r, t− t0) = 〈0|T{N(x+ r, t)N(x, t)}
∑
n,s1,s2













ϕk(r) = 〈0|N(x + r, 0)N(x, 0)|NN,Wk〉 [k −H0]ϕk(x) =
∫
d3y U(x,y)ϕk(y)


























































































































1S0) = 23.7 fm



























2+1 flavor QCD, a 
 0.085 fm, space-time 
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mπ = 940 MeV















(H0 + VC(r) + VT (r)S12)ψ(r; 1+) = Eψ(r; 1+)
ψ(r; 1+) = Pψ(r; 1+) +Qψ(r; 1+)
H0[Pψ](r) + VC(r)[Pψ](r) + VT (r)[PS12ψ](r) = E[Pψ](r)
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r [fm]
mπ = 529 MeV
(a)
3S13D1
0.0 0.5 1.0 1.5 2.0
r [fm]
mπ = 529 MeV
(b)
3S13D1







• no repulsive core in the tensor 
potential.

























0.0 0.5 1.0 1.5 2.0 2.5
2+1 flavor QCD result
mπ=701 MeV

















0.0 0.5 1.0 1.5 2.0 2.5
Quenched QCD result
mπ=731 MeV
VC(r) [1S0]VC(r) [3S1]VT(r)        
???????? ????????????
a  0.091 fm a  0.137 fmL  2.9 fm L  4.4 fm
16?1?11????
• no repulsive core in the tensor 
potential.






























0.0 0.5 1.0 1.5 2.0 2.5
2+1 flavor QCD result
mπ=701 MeV

















0.0 0.5 1.0 1.5 2.0 2.5
Quenched QCD result
mπ=731 MeV
VC(r) [1S0]VC(r) [3S1]VT(r)        
???????? ????????????
a  0.091 fm a  0.137 fmL  2.9 fm L  4.4 fm
16?1?11????
• the tensor potential increases as the pion 
mass decreases.
• manifestation of one-pion-exchange ?
• both repulsive core and attractive pocket are 























Λ(uds) - Λ(uds) interaction
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mPS = 1015 [MeV]
mPS = 837 [MeV]
mPS = 673 [MeV]
????? ??????????????
??????????????????????????????????? ??????????????????????????????????????????????





































Root-mean-square distance   r   [fm]
H-dibaryonMPS = 1171 [MeV]MPS = 1015 [MeV]
MPS = 837 [MeV]
MPS = 672 [MeV]
MPS = 469 [MeV]









































































































































Root-mean-square distance   r   [fm]
H-dibaryonMPS = 1171 [MeV]MPS = 1015 [MeV]
MPS = 837 [MeV]
MPS = 672 [MeV]




mN = 939 MeV, mΛ = 1116 MeV, mΣ = 1193 MeV, mΞ= 1318 MeV
????????????????


























ΨΞNα (x) = 〈0|Ξ(x)N(0)|Eα〉
ΨΛΛα (x) = 〈0|Λ(x)Λ(0)|Eα〉
α = 1, 2
????????????
(∇2 + p2α)ΨΛΛα (x) = 0









ΨΛΛα (x) = V








ΨΞNα (x) = V




(E1 −HX0 )ΨX1 (x)



























)−1( (E1 −HX0 )ΨX1 (x)













V ΛΛ←ΛΛ(x) V ΞN←ΛΛ(x)




For example, we take the incomming ΛΛ state by hand.
?????????????????????????????????????????????????????????????
????????????????????????????????????????????????????????????????????????????????

















Λ   

Σ   






























































































Triton(I = 1/2, JP = 1/2+)













































































, K,  input
?????????????????????
a = 0.09 fm
L = 2.9 fm
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